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1.0  Introduction 

A  theory  has  been  developed  which  predicts  onset  and  erosion  in  MPD 
thrusters.  The  theory  predicts  onset  currents  which  are  in  quantitative 
agreement  with  experiment.  Erosion  rates  are  predicted  for  a  steady-state 
hot  cathode  thruster.  This  theory  is  the  first  to  model  the  viscous  and 
thermal  electrode  boundary  layers  in  MPD  thrusters.  Stability  criteria  for 
diffuse-mode  electrode  current  conduction  have  been  found. 

This  report,  in  conjunction  with  two  earlier  annual  progress  reports, 
summarizes  progress  made  under  grant  AF0SR-83-0033. 
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2.0  Research  Objectives 


w» 


The  overall  objectives  of  this  work  were  to  determine  the  erosion  rates 
and  limits  of  diffuse  mode  operation.  To  accomplish  these  overall  objec¬ 
tives,  the  following  objectives  were  set  for  the  research  effort:  (1)  to 
model  the  bulk  flow  in  MPD  thrusters,  (2)  to  model  the  viscous  and  thermal 
boundary  layers  in  MPD  thrusters,  (3)  to  model  the  sheath-boundary  layer  in¬ 
teractions,  (*»)  to  model  the  thermal  response  of  the  electrodes. 

3.0  Status  of  the  Research  Effort 

The  discussion  below  summarizes  the  highlights  of  the  research  efforts 
under  this  grant.  A  more  detailed  discussion  can  be  found  in  the 
appendices. 

Previous  work  on  frozen  and  equilibrium  quasi  one  dimensional  flow  in 
plasma  in  MPD  thrusters  has  been  extended  to  include  finite  rate  ionization, 
plasma  boundary  layers,  and  electrode  sheath  effects.  The  quasi  one  dimen¬ 
sional  flow  model  with  finite  rate  ionization  mechanics  can  quantitively 
predict  the  occurence  of  onset.  Combined  with  the  boundary  layer  and  sheath 
theories,  electrode  erosion  rates  can  be  predicted, 

A  comparison  between  predicted  and  experimental  onset  currents  is  shown 
in  Table  1  .  The  experimental  results  are  from  the  20  centimeter  straight 
coaxial  thruster  of  King.  The  theoretical  prediction  assumes  a  one  dimen¬ 
sional  channel  flow  and  conserves  mass  momentum  and  energy.  A  rate  equation 
for  ionization  is  included. 


TABLE  1 :  Predicted  and  experimental  onset  currents  are  compared  for  two  mass 
flows  in  King's  20  cm  coaxial  straight  thruster. 
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Laboratory  quasi-steady  MPD  thrusters  typically  conduct  current  through 
cathode  spots.  Spots  tend  to  have  very  high  erosion  rates.  These  high  ero¬ 
sion  rates  severely  limit  thruster  lifetime.  In  actual  space  use,  thruster 
will  likely  be  run  for  long  periods  to  time  with  hot  electrodes.  Hot 
electrodes  permit  defuse  current  conduction  and  much  lower  erosion  rates. 
This  study  concentrates  on  the  hot  electrode  case. 

To  understand  the  conditions  at  the  plasma  electrode  interface,  a  study 
of  the  plasma  boundary  layer  and  plasma  sheaths  has  been  performed.  The 
boundary  layer  theory  uses  a  momentum  integral  method.  Profiles  of  electron 
temperature,  heavy  particle  temperature,  density,  and  ionization  fraction 
can  be  predicted.  Sample  profiles  are  shown  in  Fig.  1 . 

A  major  result  of  this  theory  is  that  the  boundary  layer  thickness 
strongly  depends  on  the  ionization  fraction  near  the  wall.  Electrons  and 
ions  recombine  on  the  walls  and  this  would  tend  to  make  the  ionization  frac¬ 
tion  near  the  walls  small.  If  it  is  small,  the  viscousity  i3  large  and  the 
boundary  layer  grows  rapidly  and  viscous  flow  losses  can  be  expected  to  be 
important.  If  the  ionization  fraction  is  not  very  small,  near  the  wall,  the 
boundary  layers  grow  slowly  and  viscous  losses  can  be  expected  to  be  a  small 


Erosion  from  a  hot  cathode  is  largely  by  evaporation.  From  our  bound¬ 
ary  layer  and  sheath  models,  heat  transfer  to  the  cathode  can  be  analysed 
and  cathode  temperature  distributions  predicted.  From  these  predicted  tem¬ 
peratures,  the  erosion  rate  by  evaporation  can  be  predicted.  Sample 
predictions  are  shown  in  Fig.  2. 

The  stability  of  the  diffuse  mode  MPD  thruster  has  been  analysed.  It 
is  found  that,  under  some  conditions,  a  thermal  run  away  may  occur  in  which 
the  electrode  regeneratively  heats  itself  until  it  melts.  This  can  be 
avoided  by  external  cooling  of  the  cathode.  The  external  cooling  rate, 
however,  must  be  carefully  chosen.  If  the  cooling  rate  is  too  slow,  thermal 
run-away  will  occur.  If  it  is  too  fast,  the  arc  will  extinguish. 


|f 
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FIG.  l:  The  heavy  particle  temperature  In  the  cathode 
boundary  layer  non-dimensional ized  by  the  free 
stream  temperature,  has  been  plotted  versus 
transverse  coordinate  at  locations  of  1  cm.,  5 
10  cm.,  and  15  cm.  from  the  leading  edge  for  a 
straight  co-axial  thruster. 
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4.0  Personnel 
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Edward  Richley,  Graduate  Student 
Brian  Sauk,  Graduate  Student 
Viswanath  Subramaniam,  Graduate  Student 
Daniel  Cox,  Undergraduate  Student 
5.0  Interactions 

In  addition  to  those  reported  in  previous  Annual  Reports,  the  following 
papers  and  publications  resulted  from  this  grant: 

V.  V.  Subramanian  and  J.  L.  Lawless,  "The  Electrical  Characteristics  of 
MPD  thrusters,"  IEEE  Conference  on  Plasma  Science,  Pittsburgh, 
Pennsylvania,  June  1985 

V.  v.  Subramanian  and  J.  L.  Lawless,  "An  Integral  method  for  Two- 
Temperature  Ionizing  Laminar  Boundary  Layers."  accepted  for  publication 
in  Physics  of  Fluids 

V.  v.  Subramanian  and  J.  L.  Lawless,  "Electrode-Adjacent  Boundary  Layer 
Flow  in  Magnetoplasmadynamic  Thrusters,"  Submitted  to  Physics  of  Fluids 

V.  V.  Subramanian  and  J.  L.  Lawless,  "Onset  in  Magnetoplasmadynamic 
Thrusters,"  AIAA-87-1068,  presented  at  the  May  1987  AIAA  EP  conference, 
Colorado  Springs,  Colorado,  also  submitted  to  Journal  of  Propulsion  and 
Power 
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J.  L.  Lawless  and  V.  V.  Subramanian,  "Theory  on  Onset  in 
Magnetoplasmadynamic  Thrusters,"  AIAA-85-2039,  presented  at  the  AIAA  EP 
Conference,  October  1985,  also  published  in  Journal  of  Propulsion  and 
Power,  Vol.  3,  No.  2,  pi 21 ,  March-April  1987 

V.  V.  Subramanian  and  J.  L.  Lawless,  "Thermal  Instabilities  of  the 
Anode  in  an  MPD  Thruster,"  (in  preparation) 

E.  Richley,  H  Torab,  and  J.  L.  Lawless,  "Numerical  Simulation  of  Two- 
Temperature  MPD  thruster  Flow,"  (in  preparation) 
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FI*.  2  The  flow  speed  urt  plotted  against  the  msgoetle  field  B  for 
three  values  of  the  magnetic  force  number  S'. 


FI*.  4  The  thrust  efficiency  *  and  LorenU  efficiency  plotted 
against  the  magnetic  force  number  S'. 


To  complete  the  problem  description,  boundary  conditions 
are  needed  at  the  channel  inlet,  x«0,  and  exit.  x-L.  At  x  =  L, 
we  require  fl  =  0.  At  the  inlet  x=0,  the  flow  speed  is  specified, 
u  =  u,.  The  inlet  flow  speed,  u,  is  very  small;  and,  for  present 
purposes,  it  may  be  taken  as  approximately  zero.  The  value  of 
the  magnetic  field  at  the  inlet  is  determined  from  the  ex¬ 
perimentally  specified  total  current  J  by  Ampere’s  law: 

B,  =  n0J/  W  (9) 

The  mass  flux  F  is  related  to  the  total  mass  flow  m  by: 

F~m/(HW)  (10) 

The  performance  of  the  MPD  thruster  can  be  characterized 
by  its  efficiency.  We  will  define  two  efficiencies.  Although  the 
definitions  are  different,  they  agree  closely  over  the  range  of 
MPD  operation.  The  first,  inspired  by  thermodynamics,  is  the 
Lorentz  efficiency,  which  is  defined  as  the  ratio  of  the  work 
done  by  the  electromagnetic  force  to  the  total  electrical  power 


,L  =  \jBudxl\oEJdx 


When  the  integrand  in  Eq.  (1 1)  is  rearranged,  the  Lorentz  effi¬ 
ciency  is  seen  to  be  the  weighted  average  over  the  power  of  the 
ratio  of  the  back-EMF  to  the  electric  field: 


'-<T> 


It  is  then  evident  from  Eq.  (13)  that  for  efficient  thruster 
operation  it  is  necessary  to  operate  in  a  regime  where  the  back- 
EMF  is  comparable  to  the  electric  field.  This  means  that  the 
back-EMF  onset  mechanism,  discussed  in  Sec.  V.,  is  expected 
to  be  important  in  efficient  thrusters. 

The  second  type  of  efficiency  is  conventionally  used  to 
define  overall  propulsion  system  performance: 

nm(Tl/2m)/(JV)  (14) 


where  f*-  (mu  +  PHW)\ImL  is  the  total  thrust.  For  a  planar 
channel,  V=EH  +  V,  where  V,  is  the  sum  or  the  sheath 
voltage  drops.  By  including  the  thrust  due  to  pressure,  y  dif¬ 
fers  from  yL.  For  the  normal  operating  regime  of  MPD 
thrusters,  as  opposed  to  electrothermal  thrusters,  the  pressure 
component  of  thrust  is  small  and  the  two  efficiencies  agree 
closely,  as  will  be  shown  in  Sec.  IV. 

The  governing  equations  described  in  this  section  can  be 
solved  to  determine  the  electrical  characteristics  and  efficiency 
of  the  thruster.  This  will  be  done  in  the  following  sections. 

III.  Magnetogasdynamic  Choking 

The  combined  action  of  ohmic  heating  and  Lorentz  body 
force  can  cause  a  flow  in  a  constant-area  channel  to  accelerate 
from  subsonic  to  supersonic.  Since  both  of  these  effects  are 
large  in  the  MPD  thruster,  variation  in  the  channel  cross- 
sectional  area  may  be  unimportant  even  if  it  is  present.  This 
section  will  develop  the  condition  for  this  choking  to  occur  in 
the  self-field  flow  of  a  nonideal  gas  obeying  equation  or  state 
Eq.  (4). 

Rewriting  Eqs.  (1)  and  (4)  in  differential  form,  combining 
them  with  Eqs.  (2)  and  (3)  to  eliminate  dp  and  dp  using  Eq. 
(5)  to  eliminate  j,  and  solving  for  the  velocity  gradient  yields 


1  d  u 

1 
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(JL 

ah 

-  E  ) 

u  dx 

’  ^ 0-\ 

pdh/dp  1 p 

'  Mo 

ap 

,  MoPM  ' 

where  M  =  u/a  is  the  Mach  number  and  a  is  given  by" 

a*-{pdh/dp\P)/(\ -P5h/dP\,)  (16) 

a  is  the  acoustic  speed  of  sound  in  a  gas  obeying  equation  or 
state  Eq.  (4)."  For  the  special  case  of  an  ideal  gas,  Eq.  (16) 
reduces  to  the  conventional  expression. 

It  is  seen  that  Eq.  (15)  is  singular  at  M*  I.  For  continuous 
acceleration  through  M-  I,  it  is  required  that 


E-p'a'B'- 


where  *  represents  quantities  evaluated  at  the  sonic  point, 
Mm  l.  Equation  (17)  is  the  choking  condition.  It  relates  the 
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electric  Held  E  to  the  back-EMF  at  the  choking  point,  a’B*. 
This  will  play  a  central  role  in  the  prediction  of  back-EMF  in¬ 
duced  onset  discussed  in  Sec.  V. 

Equation  (17)  can  be  interpreted  in  terms  of  classical 
gasdynamics,  Ohmic  heating  tends  to  drive  a  gas  toward  M  =  ] 
and  the  magnetic  body  force  tends  to  drive  the  flow  away  from 
M=  I.11  Equation  (17)  determines  the  electric  field  necessary 
to  provide  the  right  amount  of  ohmic  heating  to  drive  the  flow 
just  to  M  =  1  where  the  body  force  can  accelerate  it  to  super¬ 
sonic  speeds. 

This  choking  condition  has  been  previously  studied  for  the 
special  case  of  an  ideal  gas.  Resler  and  Sears14  20  considered 
such  choking  for  an  applied-field  calorically-perfect  flow. 
King  et  a).1  studied  choking  in  self-field  flow  for  the  special 
case  of  a  gas  obeying  the  equation  of  state  h  =  h(P/p).  The 
case  of  a  self-field  calorically-perfect  flow  will  be  considered 
in  the  next  section,  and  the  more  general  case  of  self-field 
choking  in  a  nonideal  gas  will  be  addressed  in  Sec.  VI. 

IV.  Frozen  Flow  Model 

The  concept  of  back-EMF  onset  is  most  easily  understood 
in  the  special  case  of  a  constant-composition  (frozen) 
calorically  perfect  plasma.  In  this  section,  the  solution  for  the 
flow  profiles  for  frozen  flow  is  presented.  The  flow  in  this  case 
is  found  to  be  characterized  by  a  single  nondimensional 
parameter.  This  parameter,  the  magnetic  force  number,  is 
closely  related  to  the  experimental  onset  parameter /Vm. 

The  flow  of  a  fully-ionized  one-temperature  plasma  is 
modeled.  Because  ionization  and  recombination  reaction  rates 
are  not  considered  in  this  section,  this  is  called  the  frozen  flow 
model.  With  electronic  excitation  neglected,  this  assumption 
of  a  fully  ionized  flow  permits  a  simple  expression  for 
enthalpy: 

(18) 

mA  mA  Ip  mA 

Substituting  this  frozen  flow  enthalpy  into  the  choking  condi¬ 
tion,  Eq.  (17),  gives 

E=-^-a’B’  (19) 

This  choking  condition  determines  the  electric  field  and 
defines  the  operating  region. 

To  obtain  an  analytic  solution,  the  conservation  equations 
for  mass  [Eq.  (1)),  momentum  [Eq.  (7)1,  and  energy  (Eq. 
(8)1  may  be  rewritten  for  frozen  flow  in  terms  of  the  sonic 
quantities: 

pu  =  F= p’a’  (20) 


B3  B'3 

P  +  Fu  +  — - *=/>*+  Fa’  +  — — 


u3  EB  a*3  EB ’ 

Fh  +  F— + - =  Fh’  +  F—r~  + -  (22) 

2  p0  2  mo 

Combining  Eqs.  (18-22),  the  following  quadratic  equation  for 
u  is  obtained: 


'(-M'-fM"”-0 


The  two  solutions  to  quadratic  Eq.  (23)  may  be  readily  written 
in  terms  of  B  and  the  sonic  quantities 


.r 

u  «a* 

2  *  2  J 

(25) 

(  B3  _ 

B  \ 

\B’3  ~ 

l)-2, 

B’)  +  l 

The  upper  sign  in  Eq.  (25)  represents  the  solution  for  super¬ 
sonic  flow  and  the  lower  sign  is  fot  subsonic  flow.  Eq.  (25) 
shows  that  u/a’  is  a  function  of  B/B ’  with  S’  as  a  parameter. 
Combining  Eq.  (25)  with  conservation  of  mass  Eq.  (20),  p  can 
be  found: 


>  =  P*[~f  = 


Eq.  (26)  determines  p/p *  as  a  function  of  B/B’  with  S’  as  a 
parameter.  Combining  Eq.  (25)  with  momentum  conservation 
Eq.  (21),  the  pressure  P  can  be  found: 


P=Fa’ 


L  5  2 


({*-40* 


Eq.  (27)  determines  P/Fa'  as  a  function  of  B/B’  with  S*  as  a 
parameter.  The  relationship  between  B  and  position  x  can  be 
found  by  combining  Ohm’s  law  [Eq.  (5)) ,  Ampere’s  law  [Eq. 
(6)1,  and  choking  condition  [Eq.  (19)): 


-p0o(-La’B’-uB) 


From  Eqs.  (25-27),  it  is  seen  that  S*.  defined  by  Eq.  (24),  is  a 
very  important  parameter.  S’  is  the  magnetic  force  number21 
evaluated  at  the  choking  point,  and  displays  the  relative  im¬ 
portance  of  magnetic  pressure  and  gas  dynamic  kinetic  energy 
density: 


B’3/ 2m„ 
1/2 p’u’3 


magnetic  pressure 
kinetic  energy  density 


This  magnetic  force  number  S’  is  very  closely  related  to  the 
onset  parameter  7J/m,  which  is  used  by  experimentalists  to 
correlate  data.  Using  Ampere’s  law  [Eq.  (9)),  mass  flux 
definition  [Eq.  (10)],  and  the  definition  of  S’,  [Eq.  (24)) 
yields 


— - 

m  \  Mn*  / 


S’  =  B’3/(p0p’a’3) 


where  x  =  B,/B ’  is  typically  about  1 . 1  3 

Limits  on  operating  values  of  S’  can  quickly  be  established. 
First,  for  Eq.  (25)  to  have  a  real  solution,  it  is  necessary  that 
f3>4(.  This  occurs  for  the  trivial  case  of  S*=0  or  S*>6.4. 
For  a  physical  solution,  it  is  also  necessary  that  £>0.  Ex¬ 
amination  of  Eq.  (27)  shows  that  this  limits  S’  to  values  less 
than  14.0.  In  light  of  Eq.  (30),  this  upper  limit  on  S’  could 
signify  onset.  In  the  next  section,  however,  a  more  severe  limit 
than  S’  <  14.0  will  be  found. 

The  behavior  of  these  solutions  is  illustrated  in  several 
figures.  Figure  2  shows  the  variation  of  the  nondimensional 
exit  speed  (m,/<j*)  vs  the  parameter  S’,  The  top  portion  of  the 
curve  represents  the  supersonic  branch  of  the  solution, 
whereas  the  bottom  portion  gives  the  subsonic  branch.  The 
supersonic  flow  profiles  for  three  values  of  S’  are  shown  in 
Fig.  3.  The  thruster  efficiency  for  the  supersonic  flow  branch 
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'  is  shown  in  Fig.  4.  This  figure  shows  that  the  two  definitions 
for  efficiency  presented  in  Sec.  11  are  in  close  agreement. 

W  In  summary,  analytical  relations  between  u,p,  P  and  B  have 
ftjbcen  found.  The  solutions  contained  S',  the  magnetic  force 
"number  evaluated  at  the  choking  point,  as  a  parameter.  The 
solution  was  found  assuming  a  fully-ionized  compositionally- 

«  frozen  flow.  Approximations  such  as  isothermal  flow  or  in¬ 
finite  magnetic  Reynolds  number  have  not  been  made.  The 
next  section  reveals  how  this  solution  predicts  a  new 
mechanism  of  onset.  In  Sec.  VI,  how  the  solution  is  affected 
vvby  ionization  rates  is  discussed. 

s 

A  V.  Onset 

This  section  explains  how  the  simple  model  of  the  previous 
■  section  predicts  onset.  Onset  appears  as  a  limitation  on  the 
Rvalues  S',  as  defined  in  Eq.  (24)  or  Eq.  (29),  may  assume  in 
"•*-  the  supersonic  mode.  This  limit  is  a  consequence  of  combining 
Ohm’s  law  with  the  flow  solutions.  The  behavior  of  the  back- 
V£MF  will  be  considered  first.  The  effect  of  back-EMF  on 
^ Ohm's  law  is  then  considered  from  mathematical  and  physical 
''  viewpoints. 

The  behavior  of  the  back-EMF,  uB,  is  considered  first, 
■j  Near  the  inlet,  the  flow  speed  u  is  very  small,  so  uB  is  small. 
SKI  Near  the  exit,  uB  is  again  small  because  B— 0.  Somewhere 
™ncar  the  middle  of  the  thruster,  the  back-EMF,  uB,  peaks. 

This  is  shown  in  Fig.  5  for  various  values  of  S'. 
i/jl  An  important  relationship  between  the  electric  field  E  and 
the  back-EMF  uB  can  be  found  if  Ohm’s  law  is  considered. 
Combining  Ohm’s  law  (Eq.  (5)]  with  Ampere’s  law  [Eq.  (6)] 
and  integrating  yields 
O 

0  f  Bi  d  B 


twice  during  the  integral,  which  is  hence  singular  and 
meaningless. 

The  physical  significance  of  this  limit  can  be  found  by 
returning  to  the  governing  equations,  Eqs.  (1-6).  If  at  some 
location  in  the  thruster  £-«£,  then  from  Ohm’s  law,  [Eq. 
(5)]  no  current  flows.  If  no  current  flows,  no  magnetic  force 
acts  on  the  plasma  [see  Eq.  (7))  and  no  ohmic  heating  occurs 
(see  Eq.  (8)].  Consequently,  the  plasma  flows  at  constant 
speed  and  temperature.  Further,  if  no  current  flows,  the 
magnetic  field  is  constant  [ see  Eq.  (6)) .  All  this  implies  that  if 
£-u£  somewhat  in  the  channel,  then  it  will  be  true  that 
E-uB  at  all  points  downstream.  If  this  is  so,  the  boundary 
condition  of  8>0atz>L  cannot  be  met  no  matter  how  long 
the  thruster.  Thus,  it  is  necessary  that  uB<E  for  all  locations 
within  the  channel. 

The  limit  of  uB<E  for  the  analogous  case  of  plasma  ac¬ 
celerators  with  applied  magnetic  fields  is  well-known.  It  was 
first  studied  by  Resler  and  Sears1’10  and  has  since  appeared  in 
textbooks. 21,22 

This  value  of  S'  =  8.52  at  which  E=uB  can  therefore  be 
considered  as  the  onset  limit,  indicating  a  regime  of  operation 
beyond  which  the  flow  can  no  longer  be  supersonic.  Using  Eq. 
(30),  this  limit  can  be  restated  dimensionally: 


Eq.  (32)  correlates  the  experimental  data  of  Malliaris  et  al.5 
very  well.  This  is  shown  in  Fig.  6.  This  success  does  not  prove 
the  existence  of  back-EMF  onset,  however,  because  the  scaling 
laws  for  anode  mass  starvation  onset*-*  are  similar. 

The  reason  back-EMF  should  rise  faster  than  the  electric 
field  can  be  explained  with  some  scaling  behavior.  From 
Ampere’s  law  [Eq.  (6))  B  scales  directly  with  J.  From  the 


t\  where  L  is  the  thruster  length,  B,  the  magnetic  field  at  jr=0, 
fe  and  a  the  plasma  electrical  conductivity.  The  relationship  be- 
*"  tween  u  and  B  is  given  by  Eq.  (25).  For  frozen  flow,  the  elec¬ 
tric  field  E  is  given  by  the  choking  condition  [Eq.  (19)].  This 
f.  is  also  plotted  in  Fig.  5.  From  Fig.  5,  it  is  seen  that  as  S*  in- 
.£•  creases  from  7.0  to  8.5,  the  peak  back-EMF  approaches  the 
•  *  electric  field.  This  tends  to  make  the  denominator  in  Eq.  (31) 
small.  As  the  peak  back-EMF  reaches  the  electric  field,  the  in- 

tt  tegral  indicates  that  an  infinite  length  thruster  is  necessary, 
j  This  occurs  at  5*  -8.52.  For  higher  S',  E-uB  changes  sign 


choking  condition  [Eq.  (17)]  E  scales  roughly  with  J,  and 
from  conservation  of  momentum  [Eq.  (2)],  u  scales  roughly 
with  P/m.  Thus,  as  one  increases  the  current,  the  back-EMF, 
which  scales  as  P/m,  increases  faster  than  E,  which  scales  as 
J.  This  leads  ultimately  to  current  blocking. 

This  paper  does  not  attempt  to  establish  the  flow  conditions 
after  onset  has  occurred.  For  S*>8.52,  the  smoothly  ac¬ 
celerating  supersonic  solution  discussed  in  Sec.  IV  is  not 
possible.  Thus,  some  largely  subsonic  flow  is  expected.  By 
energy  conservation  [Eq.  (8)],  a  subsonic  flow  would  likely 


FI*.  5  The  back-EMF  uB  plotted  against  the  magnetic  field  B  for  Fig.  *  The  experimental  data  of  Malliaris  et  al.’  for  onset  condl- 

three  valnes  of  the  magnetic  force  member  S'  tor  sapersonic  flow.  lions  correlate  as  predicted  by  back-EMF  onset  theory. 
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have  a  higher  temperature.  Thus  higher  erosion  rates,  by 
evaporation  as  well  as  by  sputtering,  are  expected. 

Back-EMF  onset  also  affects  the  efficiency.  It  was  shown 
earlier  in  Eqs.  (12)  and  (13)  that  for  thruster  operation  with  a 
high  Lorcntz  efficiency,  it  is  necessary  to  operate  in  a  regime 
with  a  high  average  value  of  uB/E.  Since  back-EMF  onset 
restricts  the  peak  value  of  uB/E  to  one,  its  average  must  be 
much  less  (see  Fig.  5).  Thus,  back-EMF  onset  restricts  the  effi¬ 
ciency  as  well  as  5*. 


VI.  Effect  of  Ionization 

The  previous  section  considered  back-EMF  onset  quan¬ 
titatively  in  the  frozen  flow  model.  In  this  section,  the  effect  of 
non-zero  ionization  rates  is  included.  This  is  done  first  under 
the  equilibrium  and  secondly  under  the  nonequilibrium 
assumptions.  It  is  found  that  ionization  rates  have  a  strong  ef¬ 
fect  on  the  choking  condition  and  thus  on  the  appearance  of 
back-EMF  onset. 

For  both  the  frozen  flow  and  equilibrium  flow  limits,  the 
magnetogasdynamic  choking  condition  can  be  written  as 


£  .  dh 

- mo* - 

0*£*  dP 


(33) 


For  frozen  flow  of  a  monatomic  gas,  the  right-hand  side  of 
Eq.  (33)  has  the  value  of  3/2.  The  equilibrium  calculation 
causes  the  right-hand  side  of  Eq.  (33)  to  be  up  to  an  order  of 
magnitude  larger.  This  is  shown  in  Fig.  7.  The  major  dif¬ 
ference  between  the  two  limits  is  that  an  important  part  of  the 
change  in  enthalpy  in  equilibrium  is  due  to  the  change  in  the 
ionization  fraction.  The  right-hand  side  of  Eq.  (33)  oscillates 
in  the  equilibrium  model  as  the  plasma  progresses  through 
successive  ionization  stages. 

The  difference  in  thermodynamics  has  an  important  effect 
on  back-EMF  onset.  Since  the  equilibrium  model  can  predict 
large  electric  fields,  the  occurrence  of  back-EMF  blocking  is 
delayed.  This  is  why  King  et  al.T  did  not  find  evidence  of  onset 
over  the  range  of  parameters  used  in  their  numerical 
calculation. 

The  nature  of  the  choking  condition  with  nonequilibrium 
ionization  can  be  analyzed  as  follows.  A  plasma  composed  of 
electrons,  neutrals,  and  once-ionized  ions  is  considered.  In 
noncquilibrium,  the  equation  of  state  (Eq.  (4)]  must  be 
replaced  by 


T(K] 


Fig.  7  The  electric  field  determined  by  Ike  choking  condition,  Eq. 
(17),  plotted  against  temperature  at  the  choking  point  for  the  two 
cases  of  equilibrium  and  frozen  flow. 


represents  the  dependence  of  the  electric  Held  on  the  ioniza¬ 
tion  rate  at  the  sonic  point.  The  physical  significance  of  the 
relative  magnitude  of  these  two  terms  can  be  found  by 
rewriting  the  above  equation  in  the  following  nondimensional 
form: 


E  ^  3 

da 

a'B'  “  2 

j'B*mA 

dr 

Consider  a  unit  volume  of  the  plasma  as  it  travels  a  distance 
dr.  (p'e,/mA  )d a  is  the  energy  added  to  ionization,  yfldx  is  the 
work  done  by  the  magnetic  field  to  accelerate  the  plasma. 
Thus,  the  second  term  on  the  right  of  Eq.  (37)  measures  the 
ratio  of  energy  going  into  ionization  to  the  work  done  in  ac¬ 
celerating  the  plasma. 

The  ionization  rate  da/dr  is  found  in  a  noncquilibrium 
model  from  a  rate  equation: 


h  =  h(P,p.  a) 


(34) 


where  a  is  the  ionization  fraction.  Proceeding  exactly  as 
before,  we  can  combine  the  governing  equations  in  differential 
form  with  the  new  equation  of  state  Eq.  (34),  solve  for  the 
velocity  gradient,  and  obtain  the  following  nonequilibrium 
choking  condition: 


£»p*o*B* 


dh 

dP 


t£r- 


dh 


da 


da 

to 


(35) 


where  (  )’  refers  to  quantities  evaluated  at  the  sonic  point. 
The  above  shows  the  effect  of  ionization  rates  on  the  electric 
field  explicitly. 

Neglecting  again  electronic  excitation,  an  analytic  form  for 
the  equation  of  state  can  be  found: 


da  kjpa( I  -a)  ktp2a} 
dx  mAu  m^!u 

The  frozen  flow  model  is  found  as  the  limit  in  which  kt  and  k„ 
approach  zero.  If  kf  and  kt  approach  infinity,  the  equilibrium 
model  is  recovered. 

In  this  section,  the  choking  condition  for  frozen  and 
equilibrium  flow  have  been  compared.  Fig.  7  showed  a  large 
quantitative  difference  between  these  two  limits.  Using  a 
generalized  equation  of  state  [Eq.  (34)],  the  magnetogas- 
dynamics  choking  condition  was  extended  to  non-equilibrium 
flow  in  Eq.  (33).  It  was  shown  that  the  importance  of  the 
ionization  term  in  the  choking  condition  was  deiermined  by 
the  relative  rate  at  which  energy  enters  ionization  to  the  rate  ai 
which  work  is  done  on  the  flow  at  the  choking  point. 


h  *h(P,p,a)  =  (5P/2p)  +  fat,/mA ) 


(36) 


Using  Eq.  (36),  the  choking  condition  Eq.  (33)  may  be 
simplified  to 


2  j'mA  dx  I,.,- 


Observe  that  the  first  term  on  the  right-hand  side  is  the  elec¬ 
tric  field  from  the  frozen  How  theory  and  the  second  term 


VII.  Summary  and  Conclusions 
A  model  of  one-dimensional  plasma  flow  in  the  MPD 
thruster  has  been  presented.  Three  different  thermodynamic 
models  have  been  used:  frozen  flow,  equilibrium  flow,  and 
nonequilibrium  flow.  Because  of  its  simplicity,  an  analytical 
solution  wu  found  for  the  frozen  flow  case.  A  single 
parameter,  5*.  governed  the  solution.  5*  was  shown  to  be  pro¬ 
portional  to  the  well-known  experimental  parameter  J2/m. 
Onset  appeared  in  this  model  through  the  noniniuitive  result 
that,  for  a  sufficiently  larae  S*.  the  electric  field  is  insufficient 
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r  (o  draw  the  applied  current  in  the  tupenooic  mode.  For  frozen 
flow,  the  onset  criterion  was  given  by  Eq.  (32).  When  ionize- 
lion  occurs,  such  as  in  an  equilibrium  or  nonequilibrium  flow, 
onset  is  delayed  because  the  choking  condition  predicts  a 
QC  larger  electric  field.  This  explains  why,  over  the  parameter 
•ange  they  studied,  King  et  al.’  did  not  observe  back-EMP 
onset  in  their  numerical  results  for  equilibrium  flow.  No  sim- 
pie  analytic  solution  was  found  when  ionization  occurs. 

|  The  cause  of  back-EMF  onset  can  be  traced  to  two  physical 
phenomena.  The  first  is  magnctogasdynamic  choking  which 
relates  the  electric  field  to  the  back-EMF  at  the  choking  point. 
The  second  is  the  requirement  that  E-uB  not  change  sign  in 
the  thruster.  If  the  latter  is  violated,  it  is  not  possible  to  draw 
all  the  current  in  a  finite  length  thruster.  Both  these  require¬ 
ments  are  well-known  for  the  case  of  applied-field  ac- 

■  celerators.1*'22  This  paper  has  shown  that  the  combination  of 
K  these  two  in  a  self-field  flow  limits  the  current  that  may  be  ap¬ 
plied  in  one-dimensional  supersonic  flow. 

The  back-EMF  mechanism  of  onset  is  distinctly  different 
from  the  anode  mass  starvation  hypothesis.1'11,11  This  is 
yi  physically  clear  when  considering  injection  of  a  small  amount 
of  mass  through  the  downstream  portion  of  the  anode.  Such 
mass  injection  could  have  a  major  effect  on  the  possibility  of 

■  anode  mass  starvation  but  no  effect  on  the  back-EMF  onset 
mechanism. 

This  work,  like  that  of  King  et  al.,T  shows  the  significance 
of  considering  conservation  of  energy,  (Eq.  (3)1 .  Without  dif- 
ferential  conservation  of  energy,  as  in  the  isothermal  models, 
ft  choking  conditions  such  as  Eq.  (17)  or  Eq.  (33)  are  not  found. 
**  This  changes  the  electrical  characteristics  of  MPD  thrusters. 
Further  experimental  information  on  the  choking  region 
would  be  valuable. 
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Abstract 

Quasi  one-dimensional  self-field  flow  in  a 
magneloplasmadynainic  thruster  is  analyzed  including  the  effect 
of  non-equilibrium  ionization.  This  theory,  like  the  frozen 
flow  theory,  predicts  (lie  occurrence  of  the  destructive  "onset" 
plicnoincnon  due  to  an  excessive  back-EMF.  Comparison 
between  this  theory  and  experiments  on  a  straight  coaxial 
thruster  is  given  and  shown  to  be  good  within  the  limits  of 
quasi  one-dimensionality.  The  back-EMF  onset  mechanism  is 
also  shown  here  to  be  influenced  by  wall  friction  and  heat 
transfer,  and  a  choking  condilion  incorporating  these  effects  is 
derived. 

Nomenclature 

a  «  Speed  of  sound 

A  ■  Cross-sectional  area  of  channel 
B  •  Magnetic  field 

B»  B/B'  m  Non-diincnsionalized  magnetic  field 
E  «  Electric  field 

E  “  E/a'B *  “  Non-diincnsionalized  electric  field 
F  «  pu  «  Mass  flux 
h  »  Enthalpy  per  unit  mass 
/  »  Current  density 
k  •  Boltzmann's  constant 
L  m  Length  of  channel,  or  thruster  length 
M  «  u/a  »  Mach  number 
P  »  Pressure 
T  »  Temperature 

T  •  T /T'  •  Temperature  non-diinensionalized  by  Ihe 
temperature  at  Ihe  sonic  point 


u  »  Component  of  velocity  along  the  channel,  in  Ihe  x 

direction 

u  ■  u/a ’  ■  Component  of  velocity  along  the  chaunct  in  the  x 
direction,  normalized  by  the  speed  of  sound  at  the  sonic  point 
X  »  Axial  coordinate  lu  the  direction  of  the  flow  along  the 
channel 

a  *  Ionization  fraction 

p  •  Mass  density 

a  «  Electrical  conductivity 

a*  »  Speed  of  sound  at  tlie  sonic  poml 

B‘  ■  Magnetic  field  al  Ihe  sonic  point 

h‘  •  Enthalpy  per  uml  inass  al  Die  sonic  point 

/'*  ■  Current  density  at  the  sonic  point 

P*  ■  Pressure  at  the  sonic  point 

S'  »  Magnetic  force  number  al  Hie  sonic  point 

f*  »  Temperature  at  the  sonic  point 

jr*  m  Position  of  the  some  point 

•  *  ■  Ionization  fraction  al  the  sol  o,  point 

p ’  ■  Mass  density  al  the  sonic  point 

a‘  »  Electrical  conductivity  at  the  sonic  poml 

■  Magnetic  field  at  the  inlet,  x  ■  0 
C0  ■  Drag  coefficient 

Oh  •  Hydraulic  diameter 

•  Effective  heal  transfer  coefficient 

■  Three-body  recombination  rate  constant 
A,  •  Ionization  rate  constant 

zr?A  ■  Atomic  mass 

■  Wall  temperature 

1 1  •  First  ionization  energy 
P"  ■  Permeability  of  free  space 
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1.  Introduction 

The  performance  of  mapnetoplasmadynainic  iMPD> 
thrusters  has  primarily  been  limited  by  the  onset  phenomenon. 
This  phenomenon  collectively  refers  to  increased  erosion  of 
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Ihrusler  components  mid  large  voltage  oscillations,  (or  steady 
operation  at  a  critical  current  with  fixed  mass  flow  and 
geometry.  Onset  was  first  observed  experimentally  and  since, 
there  have  been  several  theoretical  attempts  to  understand  and 
quantify  it  Existing  theories  of  onset1'  *'  *'  y  *'  1  may  be 
classified  into  three  major  categories.  These  are  the  anode 
starvation  theories  that  partially  account  for  the  Hall 
effect"  '  ;  those  that  account  for  the  thermodynamics1'  *' 
and  those  that  consider  the  MPO  discharge  in  the  unsteady 

.  >  .4 

mode 

Because  of  the  complexity  of  llie  problem,  several 
simplifying  assumptions  have  burn  used  in  each  of  the  theories. 
Bakshl  et  a/.,  Shubin,  and  Martinez  et  si.  have  assumed  that 
the  flow  in  the  MPD  thruster  is  isotliermal  and  thereby 
eliminated  the  energy  equation.  In  addition.  Shubin  and 
Martinez  el  si.  have  considered  (he  magnetic  Reynolds  number 
to  be  infinite.  The  back-EMF  theory*'  7  made  no  such 
assumptions  but  considered  the  MPD  flow  to  be  fully  niuized 
and  frozen  li.e.  zero  ionization  rate).  The  appearance  of  onset 
in  this  theory  was  found  to  be  strongly  affected  by  the 
assumptions  regarding  the  thermodynamics.  However,  Hie  Hall 
effect  which  was  partially  included  in  the  anode  starvation 
theories,  was  neglected  in  Hie  back-EMF  theory. 

The  back-F.MF  theory  differs  from  the  other  theories. 
From  the  experimental  results  of  Harnett*,  it  u  evident  that  the 
predictions  of  the  anode  starvation  theories  would  be  severely 
affected  by  the  injection  of  a  small  amount  of  mass  near  the 
downstream  end  of  the  anode.  This  would  have  no  effect  on 
the  back-EMF  theory.  The  difference  between  the  back-F.MF 
theory  and  the  unsteady  i  instability)  theories  is  that  onset  by  a 
dominant  back-EMF  appears  lu  the  steady  state.  The  fact  that 
the  assumptions  made  m  the  back-EMF  theory  are  different 
from  the  other  theories  indicates  that  the  physical  mechanisms 
responsible  for  onset  arc  different.  There  is  however 
insufficient  experimental  information  on  a  uniform  geometry  at 
this  tune,  to  determine  which  of  these  different  onsil 
predictions  occur  first  under  which  assumptions. 

The  back-EMF  theory  will  now  be  summarized.  King  el 
si.  and  Lawless  el  si.  have  shown  that  the  electric  field 
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necessary  to  sustain  supersonic  flow  in  Hie  MFD  thruster,  is 

determined  by  the  requirement  that  the  acceleration  from 
subsonic  to  supersonic  flow  take  place  in  a  smooth  fashion. 

This  condition  was  known  as  the  choking  condition.  Now.  the 
electric  field  also  had  to  satisfy  the  constraint  imposed  by 
Ohm's  law'  which  specified  Hie  magnitude  of  Ibe  field  necessary 
to  draw  all  Use  applied  current.  Lawless  el  si.  also  showed 
(hat  frozen  MPD  flow  was  parametrized  by  Hie  magnetic  force 
number  S',  which  then  related  to  the  onset  parameter  that  is 


used  by  experimentalists  to  define  the  onset  limit.  Both 
constraints  on  Hie  electric  field  could  be  satisfied  (or  steady 

flow  only  for  all  values  of  S*  below  a  critical  limit.  This 

limit  on  S'  translated  to  a  limit  on  the  experimentally 

measured  onset  parameter  and  correlated  well  with  the 
experimental  data  of  Malltaris  el  a/’.  This  conflict  between 
the  electric  field  necessary  In  draw  all  the  applied  current  and 
the  electric  field  necessary  for  supersonic  flow  al  a  critical 

value  of  the  current,  is  interpreted  to  be  onset. 


The  effect  of  Die  ionization  rale  al  Hie  sonic  point  on 
the  choking  condition  has  been  discussed  by  Lawless  el  at. 
They  showed  Hut  the  electric  field  necessary  for  choking 
depends  strongly  on  the  ionization  rale  at  Ihc  some  poinl.  Tlie 
arger  that  rale,  (he  larger  Ihc  elcclric  held  must  be  in  order 
to  sustain  a  supersonic  flow.  Consequently,  ionization  rales 
control  Ihc  terminal  vollace.  Anollier  implication  of  llus  result 
is  that  Hie  ionization  rates  may  control  Hie  appearance  ol  onset 
by  the  back-EMF  mechanism.  In  this  paper,  the  effect  of 
realistic  ionization  rales  on  determining  Ihc  electrical 
characteristics  and  on  controlling  Hie  appearance  of  back-EMF 
onset  will  be  examined  using  a  quasi- ID  non-equilibrium 
theory.  This  paper  w  ill  underscore  the  importance  of 
considering  the  detailed  thermodynamics  of  MFD  flow.  Non- 
equttibrium  ionization  MFD  flow  with  an  externally  applied 
magnetic  held  has  been  considered  previously  by  Seals  and 
Hassan10;  However,  they  did  not  attempt  an  explanation  of 
onset.  Furthermore,  their  analysis  was  restricted  to  the 
operation  of  Ibe  thruster  in  the  electrothermal  mode.  Tlw  non- 
equilibnum  theory  presented  herein  will  be  used  specifically  in 
order  lo  predict  and  quantify  ousel  in  self-field  MPD  thrusters. 

The  governing  equations  of  quasi- ID  flow  will  be  given 


/•  ,'J 

,.\a 
,  .a..**: 


MAL'd.M.SWS*.1 


■a  section  II.  followed  by  a  discussion  of 
magaetoplasmadyuamic  choking  la  icclion  III.  Non -equilibrium 
flow  Is  discussed  in  section  IV  and  comparisons  with  thr 
experiments  of  King  #f  a/.1'  "  are  given  in  section  V.  The 
effects  of  wall  friclioa  and  heat  transfer  on  the 
magneloplasmadynamic  choking  of  quasi- ID  non-equilibrium 
flow  is  discussed  in  section  VI.  followed  by  the  summary  and 
conclusions  in  section  VII. 

II.  Governing  Equations 

The  governing  equations  of  quasi  l-D  constant  area 
channel  flow  under  the  assumptions  of  negligible  viscous 
effect,  Hall  effect,  and  heat  transfer  have  been  previously 
described'  4'  \  The  only  difference  in  the  non-equilibrium 
case  is  that  the  equation  of  state  is  modified.  Following  the 
work  of  Lawless  of  a/.*,  the  conservation  equations  for  a 


plasma  consisting  of 

neutral  atoms,  singly  ionized 

atoms, 

3k! 

electrons  is: 

mass: 

pu  •  F  ■  constant 

<  i » 

£ 

Momentum: 

B' 

P  *  Fu  * -  •  constant 

<:> 

ip 

a 

Energy: 

,  Ptr  EB 

Fh  *  —  * —  »  constant 

o> 

6 

2  Pr 

slate: 

h  m  htP,p,a\ 

(41 

k 

Ohm's  law: 

j  •  a  i  E  ~  uB  l 

<51 

where  <r  is  obtained  from: 


(7'7)* 


where  e  is  the  conductivity  due  to  electron-neutral  collisions 
and  is  the  coulomb  portion  of  the  conductivity.  Tlie 
expressions  for  <rt  and  a  *  have  been  summarized  by  King". 
»i  also  have: 


Ampere's  law 


The  ionization  and  recombination  processes  are  modelled 
according  to  :  Ar  +■  e  q— b  A  *  e  *  r 

where  the  left  hand  side  represents  ionization  due  to  electron 
impact  (e  I  with  a  neutral  atom  Mr).  and  the  right  hand  side 
represents  three  body  recombination  with  two  electrons  and  a 
singly  ionized  atom  (A’  I.  This  reaction  is  likely  to  be  one 
of  the  dominant  processes  in  the  MPD  thruster.  The  ionization 


rate,  dm/dx  in  the  non-equilibrium  theory  is  then  found  from 
the  rate  equation: 

dm  *,/>•<  *,i»:*’ 

—  w -  (7) 

dx  mu  m  'u 

"  A 

where  a  is  the  louization  fraction,  and  *  and  are  the 
ionization  and  recombination  rate  constants  respectively.  The 
frozen  flow  model  is  found  at  the  limit  in  which  k  and  * 

I  » 

approach  zero.  If  k{  and  approach  infinity,  the  equilibrium 
model  is  recovered.  The  rate  constants  have  been  obtained 
from  the  work  of  Mansbach  and  Keck13  for  the  non- 
cquilibrium  ionization  case.  These  are: 

41*10'* 

*■  “  - - **Pl  -  >  ,/kT  | 

f3<  5.556*  10'"  >  : 


where  *,  is  in  cm' /sec  and  *k  is  in  err/ /sec 
Normally,  for  equilibrium  flow,  two  independent  properties 
such  as  P  and  p  are  required  to  define  a  thermodynamic  state. 
For  non-equilibrium  flow,  a  third  independent  property  such  as 
«  is  required  to  completely  determine  the  thermodynamic 
state13.  In  order  to  complete  the  formulation  of  the  problem, 
boundary  conditions  are  required.  This  will  be  discussed  in 
section  IV  where  (lie  simplified  equations  of  non-equilibrium 
flow  will  he  given.  The  introduction  of  the  non-equilibrium 
equation  of  state.  Eq.  (4),  and  Ihr  rale  equation.  Fq.  17) 
modifies  the  mngnetoplasinadynamic  choking  condition.  This 
will  be  discussed  next. 

HI.  Mngnetoplasinadynamic  Choking 

Magnetoplasmadynamic  choking  in  the  MPD  thruster  was 
first  discussed  by  King  el  »/'.  Subsequently.  Lawless  of  el.* 
have  examined  the  choking  condition  for  frozen  flow  and 
equilibrium  flow  assumptions,  and  found  that  the  ionization 
rate  has  a  strong  effect  on  the  appearance  of  back-EMF  onset. 
In  this  section,  the  effect  of  finite  ionization  rates  on  MPD 
choking  will  be  discussed. 

The  nature  of  the  choking  condition  with  uonequilihriiiin 
ionization  can  be  analyzed  as  follows.  Consider  a  plasma 
composed  of  electrons,  neutrals,  and  singly  ionized  atoms.  In 
non-equilibrium,  the  equation  of  slate  is  given  by  Eq.  (41. 


Proceeding  exacll)  at  La*  lest  et  si..  we  can  combine  the 
governing  equations  in  differential  form  with  the  new  equation 
of  dale  Eq.  (4).  tolve  for  the  velocity  gradient,  require 
unooth  acceleration  through  the  tonic  point,  and  obtain  the 
following  non-equilibrium  choking  condition: 

3/1 ,  p's'  Bit  da 

BP  p  '  /•  3.  p  'd»,m'  (8’ 

where  the  superscript  •  refer*  to  a  quantity  evaluated  at  the 
tonic  point.  Equation  Eq.  (8)  thows  the  effect  of  ionization 
rates  on  the  electric  field  etplicilly.  Neglecting  again 

electronic  excitation,  an  analytic  form  for  the  equation  of  state 
can  be  found: 

5  P  ", 

/)  »  M P.p.at  «  —  ♦ -  ,51 

2p  mA 

where  « (  it  tlie  first  ionization  energy.  Using  Eq.  <91,  the 
choking  condition  Eq.  (SI  may  be  simplified  to: 

5  ,  , 

E--s'B’* - 

2  j’m*  dx'"' 

Observe  that  the  first  term  on  the  right  hand  side  is  the 
electric  field  from  Ok  frozen  flow  theory  and  the  second  term 
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momentum: 


B 1  B"- 
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2P.  J/‘„ 
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choking  condition: 

C  5  pf'  I  da 

s'B’  2  a'B'm  dB 


da  kfFa  (!-«>  */V 

-  «  -  “ 

dx  m  it  zrvV 


represents  the  dependence  of  the  electric  field  on  the  ionization  Ampere  s  tc  Ohm  I  la*  s. 
rate  at  (he  sonic  point*.  The  frozen  flow  limit  Is  recovered  ,  _  «  o  <■  E  ~  uB  ) 


when  the  second  term  is  set  equal  lo  Zero,  and  the  equilibrium 
flow  limit  IS  recovered  when  the  second  term  is  Set  equal  to 
its  maximum  value  al  equilibrium. 

In  this  section,  the  magneloplasmadynamic  choking 
condition  for  non-equilibrium  flow  with  a  generalized  equation 
of  slate  has  been  reviewed.  This  choking  condition  has 
incorporated  in  il,  equilibrium  and  frozen  flow  limits  as 
special  cases.  With  the  electric  field  determined  by  the 
choking  condition  given  in  this  section,  the  solution  of  the 
governing  equations  will  he  discussed  next. 

IV.  Non-Equilibrium  Channel  Flow 

The  governing  equations  for  quasi- ID  MPD  flow  haw 
already  been  discussed  in  section  II.  In  this  section.  II 
governing  equations  will  be  combined  to  give  simpler  no 
dimensmnalired  equations  which  will  then  be  solved  numerically 
in  section  V.  We  begin  by  rewriting  the  equations  of  section 
II  in  terms  of  the  respective  quantities  evaluated  at  the  sonic 


The  pressure  and  enthalpy  may  be  eliminated  using  Eq.  113) 
and  Eq.  ( 1 4 ).  Equations  Eq.  (17)  and  Eq.  (18)  may  also  be 
combined  lo  yield  a  single  differential  equation  for  da/dB. 
Thus,  the  equations  Eq.  (10)  through  Eq.  <181  may  be  pul  into 
the  following  non-dimensional  forms: 

3<I  +  «)T  .  S' H  8  S'  ilQ, 

- - 4 ■  u  *  —  ■  -  4  — 

S<  I  ♦•’  >«/  >  7 


3(  l  +  aiT  V 
2<  I  +«')  2 


( a  *-  a  I  t 

♦  VS'  *  2  ♦  IS'  ♦ - ' 


2  m^'S'  SdBf 

rfr  k JFza y  -  m  ua*k  FmK  1  > 

J _ *  f  _  «:•») 

cf*  ft  omjtfa**  {  E-  lB) 

*‘lK*rr  and  *b  were  given  »n  section  II,  and  tftc  integral 
form  of  Ampere's  taw  Eq.  <J8>  when  non-dimensionahjcd 
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An  interesting  feature  in  there  equations  U  the  presence  of  the  natural  to  impose  the  same  in  this  steady  state  theory.  The 

non-dimensional  parameter,  S'.  Ttus  S'  is  the  same  magnetic  total  current  to  the  thruster  is  also  fixed.  This  implies  from 

force  number  that  appears  in  the  frozen  flow  theory  of  equation  t6)  of  section  II  that  at  a  given  current  level.  Use 


Lawless  #f  a/.  However,  the  equations  of  non-equilibrium 
flow  are  sufficiently  more  complicated  that  limits  on  5*  may 
not  be  as  easily  established  as  in  the  frozen  flow  theory. 
Equations  Eq.  <191  through  Eq.  (231  must  therefore  be  solved 
to  calculate  the  onset  limit 

To  complete  the  description  of  quasi- ID  non-equilibrium 
MPD  channel  flow,  boundary  conditions  are  required.  In  the 
quasi-sleady  operation  of  the  MPD  thruster',  the  weakly  ionized 
flow  enters  the  channel  x  ■  0  at  a  slow'  speed  and  low 

temperature.  Within  a  short  distance  of  less  than  a  centimeter, 
(he  plasma  is  accelerated  to  Mach  I  mainly  due  to  ohmic 

heating.  Beyond  (he  sonic  point,  the  electromagnetic  force 
accelerates  the  plasma  to  supersonic  speeds.  At  the  exit  x  •  L 
the  magnetic  field.  B  is  nearly  zero. 

The  mathematical  description  of  the  flow  is  given  by 
equations  Eq.  (19)  through  Eq.  (23).  The  above  set  of 
equations  Eq.  (19)  through  Eq.  (23)  may  be  taken  to 

constitute  a  system  of  five  equations  in  the  five  unknowns  u, 

T.  a,  E.  and  L  with  B’  and  S'  as  parameters.  The 

independent  variable  is  taken  here  to  be  the  magnetic  field,  B. 


magnetic  field  at  the  inlet  Bf  is  fixed.  Thus,  the  magnetic 
field  at  the  sonic  point  B'  would  be  fixed  to  within  less  than 
10%  of  fl .  Hence.  B'  may  be  specified  as  a  boundary 
condition  at  *  ■  x’.  and  a  reasonable  initial  guess  is  obtained 
from  (6).  Next,  since  the  thruster  length  is  fixed  in  the 
experiments,  the  parameters  a*  and  V  are  varied  in  a  realistic 
fashion  until  the  length  calculated  by  Eq.  (23)  matches  the 
length  in  the  given  exp  runout.  In  this  manner,  profiles  of  all 
the  variables  are  computed  for  a  given  current  and  mass  flow. 
The  predictions  of  the  non-equilibrium  theory  are  then 
compared  with  experimentally  measured  values  of  electric  fields 
and  onset  currents  for  a  given  mass  flow  rale. 

This  section  has  focused  on  the  simplified  governing 
equations  of  the  quasi-ID  non-equilibrium  theory.  In  the  nest 
Section,  this  theory  will  be  used  to  predict  electrical 
characteristics  and  onset.  Comparisons  will  then  be  made  with 
the  experimental  results  of  King"  obtained  from  a  20  cm.  long 
straight  coaxial  thruster.  It  will  be  shown  that  at  a  certain 
value  of  the  current,  the  length  constraint  imposed  by  the 
integral  form  of  Ampere’s  law  Eq.  (23)  cannot  be  satisfied  for 


This  formulation  simplifies  the  system  of  equations  but  reduces  !te3dy  flpw’  This  “  in,erPre,ed  «  pnscl  ,n  the  np"- 

Ihe  problem  to  a  two-point  boundary  value  problem.  Therefore  equilibrium  ionization  theory,  just  as  in  the  frozen  flow  and 

a  manual  shooting  method  is  used.  The  mass  flow  rale  is  equilibrium  flow  theories. 


taken  as  given  and  constant.  The  channel  cross  sectional  area 
is  constant  and  fixed.  The  boundary  conditions  are  as  follows. 
The  magnetic  field  B'.  the  temperature  T*.  and  the  ionization 
fraction  «'  at  the  sonic  point  are  specified  as  (he  boundary 
conditions  at  x  •  x*.  The  integration  of  Eq.  (23)  is  then 
performed  in  the  two  separate  directions  toward  the  inlet,  and 
toward  the  exit.  The  sum  of  these  lengths  before  and  after  the 
sonic  point  then  is  required  to  match  the  given  length  of  the 
thruster.  L  If  the  calculated  length  does  not  match  the  given 
length,  then  T'  and  a'  are  varied  until  the  correct  length  has 
been  calculated. 


V.  Comparison  with  Experiment 

A  quasi- ID  non-equilibrium  MPD  theory  was  developed 
in  the  previous  sections.  This  section  will  focus  on  the 
solution  or  these  equations,  present  some  results,  and  compare 
these  with  the  experiments  of  King".  Other  experimental 
results  exist,  the  most  detailed  of  these  having  been  obtained 
by  Barnett'  on  plasma  flow  conditions  at  onset.  However, 
these  measurements  were  made  on  the  "benchmark"  thruster 
which  is  characterized  by  a  protrusion  at  the  anode  (see 
Fig.  I).  The  theory  developed  in  this  paper  considers  a  one- 
dimensional  straight  channel  (see  Fig.  2>.  For  tins  reason,  the 


The  physical  significance  of  the  manner  in  which  the  <j3u  0[  King"  which  were  taken  from  the  straight  channel 

boundary  conditions  are  specified  will  now  be  addressed.  The  COMil|  2P  cm.  have  been  chosen  for  comparison, 

total  mass  flow  is  fixed  in  the  experiments.  Hence  it  is 
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The  mathematical  description  along  * ilh  (he  boundary 


until  (he  computed  length  is  n  JO  cm.  In  the  results  that 


conditions  has  been  discussed  m  section  IV.  The  numerical  h°ve  betn  obtained,  a’  is  kept  constant  at  0.001  until 

algorithm  » ill  now  be  summarized.  Given  the  quantities  B \  T*  •14000*'.  At  T*  ■  14000  K,  a'  Is  varied  from  0.001  to 

r.  and  a*  at  (be  sonic  point,  the  mass  flow  rh.  the  channel  »■<>•  Onee  a*  -  I.  then  T*  is  allowed  to  increase  beyond 

width  W.  and  the  channel  height  H.  the  right  hand  side  of  the  1 4000  K-  The  ,,m»  of  T’  *  ,4000*  is  chosen  because  at  this 


integral  form  of  Ampere's  law  Eq.  <231  is  computed  by 
integration  from  B/B’  ■  I  to  B/ B‘  ■  0.  The  integrand  of 
Eq.  (231  depends  on  n.  T.  B,  a.  and  the  quantities  at  the 


temperature,  the  ionization  rate  begins  to  become  large.  In 
this  way  the  parameters  a*  and  T’  are  varied  in  a  physically 
consistent  manner.  It  is  found  that  the  solution  was  not  very 


sonic  point,  u  and  T  can  be  obtained  as  a  function  of  B.  a.  sensitive  to  the  way  in  which  a'  and  V  were  increased. 


and  the  quantities  at  the  some  point  by  solving  Eq.  (Id)  and 
Eq.  1 20)  simultaneously.  Tins  gives: 
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Nest,  if  the  conditions  at  the  sonic  point  are  specified,  the 
electric  field  may  be  calculated  from  equation  Eq.  (21)  and 

Eq.  (22).  Then  the  differential  equation  Eq.  (221  is  integrated 
to  obtain  the  ionization  fraction  a  at  any  desired  B.  The 

integration  of  the  differential  equation  is  rather  complicated  by 
the  fact  that  this  equation  is  numerically  "stiff. 
Consequently,  an  IMSL  (International  Mathematical  Subroutine 
Library)  routine  DGEAR  is  employed.  This  routine  uses  the 
algorithm  of  Gear  ‘which  is  specially  equipped  to  handle  stiff 
systems.  DGEAR  is  used  to  solve  Eq.  (221  and  (he  result  Is 
used  to  evaluate  the  integrand  in  Eq.  (23)  at  various  stages  of 
the  numerical  integration.  In  this  manner,  the  thruster  length 
from  the  sonic  point  to  the  exit  is  computed.  In  a  similar 
manner,  the  length  upstream  of  the  sonic  point  is  computed. 
As  expected,  the  length  between  the  inlet  and  the  sonic  point  is 
found  to  be  typically  much  smaller  than  I  cm.  The  distance 
between  the  sonic  point  and  the  exit  is  to  a  very  good 
approximation,  the  total  length  of  the  thruster.  This  calculated 
length  is  then  compared  to  (he  length  of  20  cm.  used  in  King's 
experiments.  If  the  lengths  match,  then  a  solution  has  been 
obtained  for  the  current  level  corresponding  to  B{  If  Ihe 
lengths  do  not  milch,  then  the  inputs  a'  and  T'  are  vatied 


Solutions  lo  Ihe  quasi- ID  uou-cquilibrium  equations  liavc 
thus  been  generated  for  mass  flows  of  3  g/ sec  and  6  g/scc  of 
Argon  propellant.  The  measured  eleclric  fields  of  King"'  14 
varied  widely  over  the  channel  cross  section  as  well  as  along 
the  channel,  due  tn  non-uniform  mass  flow  across  Ihe  channel. 
Electric  field  measurements  were  taken  near  a  location  where 
the  eleclric  field  was  a  maximum.  Consequently,  the  data  of 
King  have  been  reduced  by  a  factor  of  0.53  in  order  to 
compare  with  the  predictions  of  this  quasi  one-dimensional 
theory.  The  value  of  0.53  was  determined  by  comparing  Ihe 
electric  field  measured  at  a  specific  location  lo  ll>c  value  of 
the  field  averaged  over  the  length  of  the  thruster  as  well  as 
over  the  cross  section.  The  electric  field  versus  current  curves 
are  shown  in  Fig.  3  tor  a  mass  How-  of  3  g/scc.  and  in 
Fig.  4  for  a  mass  flow  of  6  g/sec.  The  continuous  curve 
represents  the  results  obtained  from  the  non-equilibrium  theory. 
The  experimental  data  of  King"'  14  are  plotted  as  discrete 


It  can  be  seen  that  on  the  basis  of  this  comparison,  the 
non-equilibrium  theory  predicts  (he  shape  or  tile  electric  field 
versus  current  curve  very  well.  Furthermore,  il  is  in 
quantitative  agreement  with  experimental  results  within  the 
bounds  of  deviation  from  quasi  one-dimensionality.  This  is 
observed  for  both  3  g/sec  and  6  g/scc  experiment*.  The 
major  accomplishments  of  lire  theory  are  the  upper  points  m 
Fig.  3  and  Fig.  4.  where  Ihe  calculated  values  end.  These  are 
the  onset  points  in  the  theory.  These  arc  Hie  currents  al  which 
no  steady  solutions  could  he  found  that  would  satisfy  the 
length  constraint  dictated  by  Eq.  (23).  The  current  level 
where  the  discrete  data  points  end  Signify  the  operating  point 


w 


where  onset  was  reached  in  the  experiment  As  can  be  seen 
from  Fig.  3  and  Fig.  4,  the  prediction  of  the  onset  current  by 
the  quasi- ID  non-equilibrium  theory  1s  In  excellent  agreement 
with  the  experimental  results.  A  numerical  comparison  of 
these  tlieoretically  predicted  onset  currents  and  King's 
experimentally  measured  onset  currents  are  summarized  in  Table 
I.  Further.  Barnett*  has  also  observed  that  the  back-EMF  is 
very  large  near  the  onset  limit  for  the  "benchmark"  thruster. 
This  may  be  a  further  indication  that  the  onset  observed  in  the 
MPD  thruster  maybe  due  to  the  back-EMF  current  blocking 
mechanism  presented  in  this  paper. 

In  addition  lo  giving  the  electrical  characteristics,  the 
quasi- ID  theory  also  provides  variations  of  various  quantities 
along  the  length  of  the  thruster.  Typical  profiles  of  velocity, 
temperature,  ionization  fraction,  and  current  density  are  shown 
in  Fig.  3.  Fig.  6.  Fig.  7,  and  Fig.  S.  These  were  computed 
for  a  mass  flow  rate  of  3  g/sec.  Some  of  the  features  of  the 
profiles  require  clarification.  The  velocity  (Fig.  5!  it  seen  to 
increase  inoiiotonically  until  near  Use  exit,  where  it  decreases. 
This  is  because  ohmic  heating  is  dominant  near  the  exit  and 
the  addition  of  heat  to  a  supersonic  flow  causes  it  to  slow¬ 
down.  The  temperature  (Fig.  b>  increases  steadily  until  the 
sonic  point,  after  which  it  decreases  slightly  and  then  increases 
sharply  near  the  exit.  The  reason  for  the  slight  temperature 
decrease  after  the  sonic  point  is  that  the  supersonic  flow  is 
accelerating.  It  is  well  known  that  an  accelerating  supersonic 
flow  cools1'.  Then  near  the  exit,  the  temperature  rises  again 
due  to  ohmic  heating.  The  temperature  rise  computed  near  the 
exit  is  unrealistically  Inch.  1  his  is  because  only  single 
ionization  was  considered  in  the  theory.  If  the  presence  of 
second  ions  were  considered,  then  this  temperature  rise  at  the 
exit  would  not  be  so  dramatic.  The  ionization  fraction  profile 
(Fig.  71  requires  little  explanation.  a  increases  sharply  near 
the  sonic  point  because  the  temperature  rises  sharply.  It  (hen 
becomes  relatively  constant  since  the  temperature  is  ncarlt 
constant  in  the  middle  of  the  thruster.  Near  the  exit,  a  rises 
sharply  again  because  of  the  sharply  increasing  temperature. 
The  current  density  (Fig.  8>  starts  oul  small  near  the  inlet 
because  the  temperature  is  small  (this  makes  the  conductivity 
small)  and  then  increases  following  the  increasing  temperature 


and  conductivity.  Hesond  llw  sonic  point,  live  velocity  is 

increasing  and  the  magnetic  held  is  decreasing.  Ihis  causes 
the  back-EMF  to  increase  and  reach  a  maximum  somewhere  in 
the  middle  of  the  thruster.  This  makes  £  ~  uB  decrease  and 
reach  a  minimum  somewhere  in  the  middle.  Consequently,  the 
current  density  decreases  and  reaches  a  minimum  iii  llie  center 
of  the  thruster,  and  then  increases  sharply  near  the  exit  because 
of  the  sliarp  increase  iii  conductivity  caused  by  the  rising 

temperature.  Thus  far.  quasi- ID  MPD  flow  has  been 

considered  without  friction  and  heal  transfer.  The  effect  of 
these  on  magnetoplasmadynamic  choking  will  be  examined  in 

the  next  section. 

VI.  MPD  Choking  with  Wall  Friction  and  Heat  Transfer 

The  previous  sections  of  this  chapter  have  considered 

quasi- ID  MPD  flow  under  the  non-equilibrium  assumption. 
However  certain  effects  have  been  excluded  in  order  to  enable 
a  simple  solution  lo  the  problem.  These  include  friction,  heat 
transfer,  and  the  Hall  effect.  In  Hus  section,  friction  and  heat 
transfer  will  be  partially  included  in  the  theory  and  their 

impact  on  MPD  choking  will  be  examined. 

For  a  varying  area  quasi- ID  MPD  flow  with  wall 

friction  and  heat  transfer,  the  equations  of  mass,  momcnlum. 
and  energy  conservation  yield: 
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is  the  hydraulic  diameter,  and  A  is  Ihe  erfedive  heal  Iransfcr 
coefficient. 

Following  tlie  earlier  development.  equations  F.q.  <26>. 
hq.  (27),  and  Eq.  (2$)  may  be  combined  with  Eq.  :!.*). 
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thruster1'  Back-EMF  onset  appears  in  this  llicory  as  Hie 
failure  of  a  steady  solution  to  exist  at  a  critical  value  of  the 
current,  for  a  fixed  mass  flow.  This  onset  is  due  to  the 
conflict  between  the  electric  field  required  to  sustain  a 
supersonic  flow  m  the  thruster,  and  tl*c  electric  field  necessary 
to  draw  all  the  applied  current. 


For  a  constant  area  channel  with  no  friction  and  no  heat 

,  to  draw  all  the  applied  current, 

transfer,  the  above  reduces  to  the  same  expression  derived  by 

Lawless  el  H.  Using  their  same  argument  and  requiring  a  "  t**"  ff'und  lhi>l  lh«  non-equilibnuin  theory  has  not 

smooth  acceleration  from  subsonic  flow  to  supersonic  flow.  only  predicted  the  onset  limit,  but  has  also  predicted  current 

gives  0  for  the  numerator  of  Eq.  (2d)  when  u »  a.  This  gives  ver5UI  vo'lape  characteristics  in  agreement  with  the  experiments 

tne  following  choking  condition  for  Use  electric  field.  Thus,  of  King  within  the  limits  of  quasi-one  dimensionality.  More 


for  a  constant  area  channel: 
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VII.  Summary  and  Conclusions 

The  first  non-equilibrium  (finite  rale  iomrationi  self-field 
MPD  theory  to  predict  onset  due  to  an  excessive  back-EMF  at 
high  currents,  has  been  developed.  The  electric  field 
dependence  on  the  Ionization  rate  (see  section  III*  prompted 
the  consideration  of  realistic  ionization  rates,  under  the  non- 
equilibrium  assumption.  The  governing  equations  of  non- 
equilihrium  MPD  flow  have  been  solved  and  the  results  have 
been  compared  » ith  King's  experiments  on  a  straight  coaxial 


experimental  data  w  Ith  a  uniform  mass  flow  is  therefore  needed 
for  a  more  definitive  comparison.  Finally,  non-equilibrium 
quasi- ID  flow  lias  been  considered  by  partially  including  the 
effects  of  wall  friction  and  heat  transfer.  It  has  been  shown 
by  examining  the  magnctnplasmadynamic  choking  condition,  that 
Ileal  transfer  may  delay  back-F.MF  onset  while  wall  friction 
may  cause  il  to  occur  sooner. 


From  the  above  generalized  choking  condition,  it  can  be  seen 

The 

that  larger  rates  of  heat  transfer  from  the  plasma  to  the  wall 

D.  Q.  King. 

near  the  choking  point  cause  a  larger  electric  field.  Since  a 
larger  electric  field  permits  a  larger  back-EMF.  this  may  delay  References 
back-EMF  onset  in  the  same  manner  as  larger  ionization  rates  (  D  ^ 

at  the  sonic  point  The  effect  of  wall  friction  may  also  be  Chok 

examined.  It  can  be  seen  that  friction  actually  causes  a  lower  Thru 

electric  field.  This  in  turn  permits  a  smaller  back-EMF.  and 

rropi 

could  thus  cause  back-EMF  onset  to  occur  sooner.  Wall 

2.  F.U. 

friction  and  bulk  beat  transfer  could  thus  have  a  significant 

effect  on  the  lack  of  delay  or  delay  of  onset  for  non-  Tech 

equilibrium  flow-. 
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Fig.  1:  A  schematic  of  an  MPD  thruster 


Fig.  2:  The  plane-parallel  electrode  geometry  studied  in 
this  paper  is  analogous  to  the  co-axial  geometry  used  in 
experiments.  The  above  diagram  shows  the  relative  orienlaiion 
of  the  flow  velocity,  t/.the  current.  /,  the  electric  field.  £,  and 
the  magnetic  field.  B.  The  channel  has  a  length  L  in  the  flow 
direction  and  a  width  IV.  The  electrodes  are  separated  by  a 
distance  H. 


Fig,  3:  The  variation  of  the  electric  field  is  show 


ill  Mi 


versus  Ibe  total  current.  The  experimental  data  of  King  for 
a  20  cm.  long  straight  coaxial  llirustcr  are  plotted  as  discrete 
points,  for  a  total  mass  flow  of  3  g/sec.  The  solid  curve 
represents  the  prediction  of  the  non-equilibrium  theory  of 
section  IV,  corresponding  to  a  uniform  mass  flow  of  3  g/sec. 
The  upper  portion  of  tile  solid  curve  ends  where  no  steady 
solution  to  the  equations  of  section  IV  was  found.  This  is 
interpreted  as  the  theoretical  onset  point.  As  can  be  seen,  (his 
agrees  well  with  the  onset  limit  observed  in  the  experiment. 
» here  the  data  is  seen  to  be  scattered.  Sec  section  IV  and 
section  V  for  a  detailed  discussion. 
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Fig.  4:  The  experimental  data  of  King"  for  a  20  cm. 
long  straight  coaxial  thruster  are  plotted  as  discrete  points,  for 
a  total  mass  flow  of  6  g/sec.  The  solid  curve  represents  the 
theoretical  predictions  of  tlie  non-equilibrium  theory  of  section 
IV  for  a  uniform  mass  flow  of  6  g /sec.  Tlie  curve  ends  at 
the  upper  point  where  no  steady  solution  could  be  found.  This 
is  the  theoretical  onset  limit,  which  agrees  well  with  the 
experimental  onset  limit  of  *  26  kA. 
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Fig.  5:  Tlie  plasma  flow  speed  is  slmwn  here  as  a 
function  of  distance  along  the  thruster,  for  a  uniform  mass 
flow  of  3  g/sec.  This  profile  was  obtained  from  (he  solutions 
to  the  quasi-ID  non-rquilihrium  equations  given  in  section  IV 
and  section  V.  It  can  be  seen  that  tlie  speed  increases 
monotonically  until  near  the  exit,  where  it  decreases.  This  is 
due  to  the  dominance  of  ohmic  heating  near  the  exit  which 
causes  a  supersonic  flow  lo  decelerate. 
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Fig.  6:  The  plasma  temperature  is  sho»  n  in  this  nguii 
versus  distance  along  the  length  of  the  thruster,  for  a  uniform 
mass  flow  of  3  g/sec.  See  section  I V  and  section  V  for  the 
solutions  of  the  quasi- ID  iion-cqiiilihrium  theory,  which  "ere 
used  to  obtain  tire  above  profile.  The  temperature  increases 
sharply  from  the  iniel  lo  the  sonic  point  primarily  due  lo 


c.c.  *\  •  /■  •”!"J 


p 

§ 

1 


! 


■-■ 

s* 

v 


A. 


V 


> 


ohmic  heeling.  Beyond  the  tonic  point,  there  i»  •  alight 
decrease  because  of  the  acceleration  of  the  supersonic  flow. 
Near  the  exit.  the  temperature  rises  again  because  of  ohmic 
heating.  This  temperature  rise  near  the  exit  is  accompanied  by 
the  decreasing  velocity  shown  earlier  In  Fig.  3.  The 
unrealistically  high  exit  temperatures  are  due  to  the  fact  that 
the  presence  of  second  Ions  were  not  considered  in  the  non- 
equilibrium  theory.  See  section  V  for  details. 


Fig.  7:  The  ionization  fraction  has  been  plotted  here  as 
function  of  the  distance  along  the  thruster.  The  ionization 
fraction  shows  marled  increases  near  the  entrance  and  near  the 
CM|.  Where  the  most  drastic  variations  in  temperature  talc- 
place.  This  again,  is  from  the  solution  of  the  non-equilibrium 
equations  found  in  section  IV  and  section  V,  for  a  uniform 
mass  flow  of  3  g/sec. 


distance  for  a  uniform  mass  flow  of  3  gfsec.  This  is  from 
the  solutions  of  the  governing  equations  given  in  section  IV 
and  section  V.  The  current  density  is  small  near  the  entrance 
because  the  temperature  is  small  which  males  the  conductivity 
small.  Then,  it  increases  as  the  temperature  increases.  Next, 
as  the  flow  speed  increases  and  the  magnetic  field  decreases, 
the  current  density  drops  until  a  minimum  is  reached.  This 
minimum  current  density  corresponds  to  a  maximum  had-EMF. 
The  current  density  then  rises  rapidly  toward  the  exit  because 
the  rising  temper, Uurc  causes  the  conductivity  to  increase. 
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MASS  FLOW 
(g/sec) 

ONSET  LIMIT  CURRENT  (kA) 

- NON-EQUILIBRIUM  IHkUMV 

EXPERIMENT 
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16.8 

16 
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AN  INTEGRAL  METHOD  FOR  TWO-TEMPERATURE 
IONIZING  LAMINAR  BOUNDARY  LAYERS 
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Pittsburgh  Pennsylvania  15213 


Abstract 

An  integral  method  is  developed  in  order  to  approximately  solve  the  governing  equations  for 
a  multi-temperature,  non-equilibrium  ionizing,  compressible  boundary  layer.  This  method  is  based 
on  classical  momentum  and  energy  integral  methods  which  are  used  in  conjunction  with  the 
Howarlh-Dorodnitsyn  transformation.  A  novel  feature  of  this  method  is  the  separate  treatment  of 
the  translational  or  sensible  energy  equations  for  each  species.  As  an  illustrative  example,  this 
method  is  applied  to  the  problem  of  a  shock -generated  ionizing  argon  boundary  layer  on  a  flat 
surface  at  a  uniform  temperature.  Reasonable  agreement  for  this  case  is  found  between  this 
approximate  theory  and  existing  experimental  and  numerical  results. 
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I.  Introduction 

Recent  research  in  the  development  of  the  National  Aerospace  Plane  has  aroused  interest  in 
supersonic  and  hypersonic  ionizing  boundary  layers.  A  basic  understanding  of  such  flows  is 
important  for  spacecraft  reentry  problems,  interactions  between  solid  surfaces  and  plasmas  (such 
as  in  magnetoplasmadynamic  thrusters),  and  possibly  hypersonic  or  supersonic  combustion.  In 
addition  to  including  the  complications  of  classical  compressible  fluid  boundary  layers,  ionizing 
boundary  layers  also  include  the  effects  of  variable  transport  properties,  plasma-wall  electrical 
sheaths,  atomic  collision  processes,  chemical  reactions,  radiation  transfer,  and  electromagnetic 
fields.  The  full  boundary  layer  problem  including  all  these  effects  is  so  complex  that  researchers 
have  resorted  to  limited  experimentation  ,  extensive  numerical  computation,  or  approximate  theories 
in  order  to  understand  and  quantify  the  problem.  This  paper  addresses  the  development  of  an 
integral  method,  and  its  contribution  lies  in  the  branch  of  approximate  theories.  The  virtue  of 
integral  methods  is  in  their  simplicity,  ease  of  implementation,  and  applicability  to  a  number  of 
situations  and  over  a  wide  range  of  parameters. 

In  this  paper,  the  boundary  layer  flow  of  an  ionized  gas  adjacent  to  a  cold  flat  plate  at  a 
constant  temperature  is  discussed,  and  an  approximate  method  of  solution  for  the  complete 
boundary  layer  problem  is  outlined.  This  theory  may  be  quite  easily  generalized  to  other 
situations  such  as  the  flow  over  an  adiabatic  flat  surface.  An  ionizing  atomic  gas  (or  plasma) 
generally  consists  of  neutral  atoms,  ions,  and  electrons.  The  ions  may  be  ionized  to  various 
degrees  depending  on  the  temperature.  The  ionization  process  usually  takes  place  when  an 
electron  collides  with  a  neutral  atom  (or  ion)  and  causes  a  bound  electron  to  be  released.  The 
reverse  process  known  as  three  body  recombination  occurs  when  an  electron  collides  with  an  ion 
and  a  third  body  (usually  an  electron)  and  is  subsequently  captured  by  the  ion.  When  such  a  hot 
gas  consisting  of  neutrals,  ions,  and  electrons  flows  at  high  speeds  and  adjacent  to  a  cold 
surface,  it  is  often  in  a  state  of  thermal  and  chemical  non-equilibrium  (i.e.  electron,  ion,  and 
neutral  temperatures  are  different  from  each  other,  and  the  ionization/recombination  processes  are 
determined  by  finite  rate  kinetics).  Near  the  wall,  the  electrons  are  repelled  by  the  negative 
electrical  sheath.  Consequently,  they  suffer  elastic  collisions  with  the  sheath  and  retain  most  of 
their  original  kinetic  energy.  Therefore,  the  electron  temperature  does  not  vary  significantly 
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across  the  boundary  layer.  The  ions  and  neutrals  on  the  other  hand,  exchange  energy  by  colliding 
with  each  other  and  with  the  wall  and  therefore  their  temperatures  are  expected  to  vary 
appreciably  across  the  boundary  layer.  In  the  absence  of  strong  electric  fields,  the  ion  and 
neutral  temperatures  are  approximately  equal  since  the  two  species  exchange  energy  efficiently  due 
to  their  similar  masses.  When  strong  fields  are  present,  the  plasma  is  likely  to  be  a  three 
temperature  fluid.  In  this  paper,  the  case  of  weak  or  no  electric  fields  will  be  considered  and 
consequently  the  plasma  is  a  two-temperature  fluid.  However,  the  method  that  is  outlined  herein 
can  be  extended  to  the  case  of  a  three-temperature  fluid. 

Existing  work  in  ionizing  boundary  layers  is  either  largely  numerical,  or  experimental.  A 
good  review  of  numerical  and  experimental  work  on  ionizing  non-equilibrium  boundary  layers  is 
given  by  Liu  et  at.1'  2’  1  Ben-Dor  et  a/*'  3  have  considered  plasma  boundary  layers  under  the 
assumption  of  frozen  flow  (i.e.  zero  ionization  rate)  .  Though  the  assumption  of  frozen  flow 
may  be  applicable  in  some  situations,  the  more  important  problem  of  a  reacting  plasma  boundary 
layer  must  be  treated.  The  method  presented  in  this  paper  is  capable  of  handling  a  reacting 
plasma,  and  thus  the  frozen  flow  simply  appears  as  a  special  case  in  this  theory. 

In  this  paper,  a  technique  that  uses  integral  methods  will  be  outlined  for  a  two-temperature 
plasma  boundary  layer  in  order  to  obtain  an  approximate  solution.  A  review  of  the  historical 
background  of  iutegral  methods  is  given  by  Schlichting*  and  more  recently  by  Subramaniam7.  The 
proposed  method  may  be  summarized  as  follows.  The  conservation  of  mass  and  momentum  are 
written  for  the  combined  two-temperature  multi-species  plasma,  which  are  identical  to  the 
corresponding  equations  of  classical  boundary  layer  theory.  However,  instead  of  considering  an 
energy  equation  for  the  combined  fluid,  we  propose  that  separate  equations  for  the  transport  of 
translational  energy  for  each  of  tlie  species  be  derived.  These  will  be  referred  to  iu  this  pnper  as 
the  species  sensible  energy  equations.  Finally,  rale  equations  will  be  derived,  describing  any 
chemical  processes  that  may  occur  in  the  plasma  (such  as  ionization  and  recombination).  We 
then  propose  applying  integral  methods  to  the  above  described  set  of  equations,  and  seek 
polynomial  expansions  for  the  variables  of  interest  (velocity,  temperatures,  and  number  densities) 
in  terms  of  a  transformed  Howarth-Dorodnitsyn  coordinate.  This  proposed  method  differs  from 
oilier  integral  methods  in  two  important  respects  that  are  responsible  for  its  success  in  the  case  of 
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a  compressible,  ionizing,  two-temperature  plasma  near  a  cold  wall.  The  first  is  that  the  energy 
equations  describing  the  transport  of  each  mode  of  energy  storage  for  each  species  is  considered 
separately.  The  second  is  that  self-similar  solutions  are  sought  in  terms  of  a  transformed 
Howarth-Dorodnitsyn  coordinate. 

Starting  with  non-equilibrium  kinetic  theory,  the  governing  equations  for  a  laminar, 
compressible,  two-temperature  boundary  layer  are  derived  in  section  11.  Following  some 
simplifying  assumptions,  these  equations  are  rewritten  in  section  III.  The  integral  method  is 
outlined  in  detail  in  section  IV,  and  an  illustrative  example  of  a  two-temperature  ionizing 
boundary  layer  in  argon  generated  by  a  shock  wave  is  given  in  section  V.  A  comparison  with  an 
existing  numerical  solution  for  a  shock-generated  ionizing  argon  boundary  layer  is  also  given  in 
section  V,  and  the  contributions  of  this  paper  are  summarized  in  section  VI. 

II.  Governing  Equations 

For  the  purposes  of  this  discussion,  consider  a  monatomic  gas  that  is  partially  ionized.  In 

general,  there  may  be  external  forces  such  as  those  caused  by  electric  and  magnetic  fields. 

However,  here  we  will  consider  no  such  external  forces.  If  f  is  the  distribution  function  for  a 

a 

species  a,  then  the  transport  equation  (Boltzmann  equation)  in  cartesian  tensor  form  is*: 


f.  dfa 
a  .  * 

—  +  C  * -  +  J. 


where  X(  is  the  /,h  coordinate,  t  is  time,  C  a  is  the  /"’  component  of  the  absolute  velocity  of  a 
particle  of  species  a ,  and  J  is  the  collision  term.  Before  the  macroscopic  equations  arc 
derived,  it  is  necessary  to  define  the  following  : 
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where  v  *  is  the  /'"  component  of  the  peculiar  velocity  of  species  a,  Coj  is  the  local  average 
mass  velocity  of  the  gas,  p  is  the  mass  density,  ma  is  tlte  mass  of  species  a,  n  is  tlie  number 
density  of  species  a,  and  <  Q*  >  is  the  average  over  the  distribution  function  of  the  j,h 
component  of  a  quantity  0  of  species  a.  In  equation  (1),  the  distribution  function  for  species 
a  is  a  function  of  X(t  C  a,  and  t.  fn  order  to  correspond  to  macroscopic  description,  we  must 
transform  to  a  new  coordinate  system  where  the  distribution  function  is  a  function  of  x , 
v“  (x  .f),  and  /.  Therefore,  using  (2)  we  may  rewrite  (1)  as  : 


The  conservation  of  mass  for  the  ionizing  plasma  is  obtained  by  multiplying  (7)  by  unity. 


integrating  over  velocity  space,  and  summing  over  a  (i.e.  summing  each  equation  for  the 
eleclrous,  ions,  and  neutrals).  This  gives  the  well  known  classical  compressible  flow  conservation 
of  mass  : 
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The  conservation  of  momentum  for  the  ionizing  plasma  is  obtained  by  multiplying  (7)  by 
mav*>  integrating  with  respect  to  dC",  and  summing  over  a.  This  gives  the  classical 
conservation  of  momentum  for  a  fluid  : 
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The  development  presented  thus  far  is  well  known  and  not  new.  However,  it  is  in  the  following 
treatment  of  the  conservation  of  energy  and  species  continuity  equations  that  the  present  method 
will  differ  from  already  existing  methods.  The  conservation  of  translational  energy  Tor  each 
species  a  may  be  derived  by  multiplying  (7)  by  ™ava3/2  and  integrating  over  velocity  space. 
For  the  electrons  this  gives  : 
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where  fl(k*  -  rn.n<v  Vk*>,  q *  ■  mjn<v*vf>/2  is  the  heat  flux.  F.  is  the  electron  lempcrature, 
k  is  Boltzmann’s  constant,  and  Q e  is  the  energy  exchange  between  the  electrons  and  other  species. 
This  Ot  may  include  both  elastic  and  inelastic  collisions.  In  a  similar  fashion,  we  may  derive 
the  energy  equations  for  the  neutrals  and  single  ions.  When  strong  electromagnetic  fields  are 
present,  the  ion  and  neutral  translational  energy  equations  must  be  treated  separately.  In  the 
absence  of  strong  electric  fields,  llie  neutrals  and  single  ions  may  be  assumed  to  have  the  same 
translational  temperature  T H  because  of  their  similar  masses.  Then,  adding  the  energy  equations 
for  the  ions  and  neutrals  gives  the  following  heavy  particle  sensible  (or  translational)  energy 


equation  : 
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where  G  and  O  represent  the  energy  cxcliange  between  the  ions  and  other  species,  and 
between  tlie  neutrals  and  other  species  respectively.  From  the  definition  of  a  plasma,  it  has  been 
assumed  in  (11)  tlut  any  deviations  from  electrical  quasi-neutrality  are  confined  to  dimensions 
of  the  order  of  the  Debye  length  which  is  smaller  than  any  macroscopic  dimension.  This  means 
that  the  ion  number  density  and  electron  number  density  are  equal  (/j  n). 

A  transport  equation  for  each  species  a  is  obtained  by  integrating  (7)  over  velocity  space 


dx  dx 


r ■ 


w  here  rJ  is  the  net  production  of  species  a  due  to  inelastic  collisions  resulting  in  chemical 
reaction  (i.e.  ionization  and  recombination  m  the  case  of  a  plasma).  Equation  (12)  is  the 

9 

familiar  species  conservation  equation  which  appears  in  classical  chemically  reacting  flow  theory  . 

The  equations  (10)  and  (II)  are  conservation  equations  for  the  transport  of  sensible  or 
translational  energy.  Similar  equations  may  be  derived  using  Ibis  same  procedure  for  other 
internal  modes  (i.e.  electronic  excitatiou  or  vibrational  and  rotational  energies  in  the  case  of  a 
molecular  gas).  However,  if  inelastic  collisions  arc  important,  then  there  will  be  a  more  complex 
coupling  between  the  various  energy  equations  since  energy  may  be  exchanged  between  the  many 
modes.  For  the  purposes  of  illustration  however,  only  elastic  collisions  will  be  considered  in  the 
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sensible  energy  equations  and  excited  electronic  states  for  the  neutral  atom  and  the  single  ion  will 
not  be  considered.  In  the  following  section,  the  conservation  equations  will  be  simplified  for  the 
case  of  a  boundary  layer  adjacent  to  a  cold  wall. 

III.  Simplified  Boundary  Layer  Equations 

The  system  of  equations  (8)  tlirough  (12)  is  incomplete  without  tlie  specification  of  the 
stress  tensor  n  ta  and  the  heat  flux  vector  qa .  In  order  to  compute  tliese  quantities  however, 
more  information  is  needed  about  the  distribution  function  f  .  By  assuming  that  the  distribution 
function  is  locally  not  too  different  from  the  Maxwell-BolUuiaim  distribution  function,  equation 
(7)  may  be  solved  by  using  perturbation  theory  in  a  fashion  similar  to  the  Cliapman-Enskog 
expansion.  The  resulting  expressions  for  n  ka  and  q  *  are  summarized  by  Kalilchman*. 

Tlie  governing  equations  for  a  steady,  laminar,  two-dimensional,  and  two-lemperalure 
boundary  layer  may  be  written  using  equations  (8)  tlirough  (12)  as7: 
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where  u  is  tlie  component  of  the  local  mass  average  velocity  in  tlie  x-directiou  or  flow  direction, 
and  v  is  the  y-componcnt  or  transverse  component.  Conservation  of  x-momenlum  is  given  by 
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and  y-momenluni  is  given  by 


where  P  is  tlie  pressure  anJ  i j(|  =  9“’"+  $"om  is  the  heavy  particle  dynamic  viscosity.  Considering 
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elastic  collisions  only,  the  energy  equations  for  the  translational  mode  arc 
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where  repeated  sut'senpts  imply  summation  from  1  to  2  or  over  x  and  y,  and  <ra)>  is  the 
energy-weighted  average  momentum  transfer  clastic  collision  frequency  between  an  electron  and  a 
heavy  particle'0.  The  species  or  rale  equation  reduces  to 
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is  the  ionization 

** 

diffusion  velocity,  and 

axial  diffusion  is 

The  assumption  of  a  two-temperature  plasma  was  justified  physically  in  section  1.  This 
assumption  may  be  quantified  by  comparing  the  heat  conduction  (contained  in  the  second  term  on 
the  left  hand  side  of  (16))  with  the  energy  transfer  by  elastic  collisions  (third  term  on  the  right 
hand  side  of  ( 16))7; 
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where  L  is  Ihc  electron  Incan  free  path  and  a  f  is  the  characteristic  boundary  layer  thickness.  It 
is  also  clear  that  for  a  continuum  approximation  to  be  valid,  L  must  be  much  smaller  than  <5T> 
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With  some  additional  simplifications  and  manipulations7,  equations  (13)  through  (18)  become  : 
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where  is  the  pressure  in  the  free  stream,  outside  the  boundary  layer; 


Electron  sensible  energy. 
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where  \a P  is  Ihe  thermal  conductivity  due  to  collisions  between  species  a  and  /?,  and  V  is  the 
transverse  or  y-componenl  of  the  electron  diffusion  velocity.  The  heavy  particle  translational 
energy  equation  (17)  may  be  combined  with  the  momentum  equation  to  give 


Heavy  particle  sensible  energy. 
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(24) 


where  X„  =  X"  +  XJI  with  X"  due  to  ion-ion  collisions  and  X*1  due  to  neulral-ion  collisions. 
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Assuming  lom/atiou  and  recombination  according  to  the  following  process 
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Ihe  rate  equation  (18)  becomes 
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where  kr  is  (lie  ionization  rate  constant  and  k.  is  llie  recombination  rate  constant.  From  a 

I  b 

regular  perturbation  solution  to  (7),  it  can  be  shown  lliat  the  ion  and  electron  transverse 
diffusion  velocities  are  given  by\ 
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where  D  is  the  electron  diffusion  coefficient  and  D  is  the  ion  diffusion  coefficient. 
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A  significant  portion  of  this  paper  has  been  devoted  to  the  derivation  of  (lie  governing 
equations  of  an  ionizing  boundary  layer.  This  has  been  done  specifically  in  order  to  show  tliat 
an  essential  feature  of  this  approximate  method,  is  the  separate  treatment  of  the  translational 
energies  of  each  specie  instead  of  considering  an  overall  energy  equation  for  the  ionizing  plasma. 
In  the  next  section,  an  approximate  method  of  solution  will  be  outlined. 

IV.  An  Approximate  Method 

The  proposed  method  consists  of  (a)  integrating  the  system  of  equations  (21)  through 
(25)  from  the  wall  to  the  boundary  layer  edge;  (b)  applying  the  Howarth-Dorodnitsyn 
transformation;  and  (c)  assuming  polynomial  forms  for  the  dependent  variables  in  terms  of  the 
transformed  transverse  coordinates  f  .  This  procedure  reduces  (21)  through  (25)  to  a  system 
of  ordinary  differential  equations  tliat  may  then  be  integrated  numerically.  Numerical  integration 
of  ordinary  differential  equations  is  enormously  easier  tlian  the  numerical  solution  of  the  set  of 
partial  differential  equations  (21)  tlirough  (25). 

There  arc  certain  constraints  that  the  quantities  u,  F  ,  T  ,  and  a  must  obey.  These  are  tliat 
u=u  at  the  wall  (y- 0)  where  i/s  is  the  velocity  slip;  U~U0Q  ar>d  bu/by  =  0  at  the  edge  of  the 
boundary  layer;  7"  =7"^  and  t~Tyh  at  the  wall  where  T and  7"H  are  the  electron  and  heavy 
particle  temperature  slip  respectively.  an^  bT  ){/by  =  bTc/by  =  0  at  the  boundary  layer 

edge;  <r  =  «w  at  the  wall  where  a w  is  the  ionization  slip;  and  a~a00  and  ba/by-0  at  the 
boundary  layer  edge  where  a ^  is  the  free  stream  ionization  fraction.  One  may  also  require  that 
the  respective  second  derivatives  be  zero  at  the  edge  of  the  boundary  layer  in  order  to  ensure  that 
the  solution  is  smooth.  The  aforementioned  constraints  dictate  the  minimum  order  of  the  chosen 
polynomials.  For  instance,  the  three  constraints  on  the  heavy  particle  temperature  profile  together 


Vv 


with  Hie  requirement  that  this  profjle  satisfy  equation  (24)  dictates  that  the  heavy  particle 
temperature  profile  is  approximated  by  at  least  a  cubic.  Profiles  for  the  outer  variables  may  be 
chosen  in  a  similar  manner.  It  is  possible  to  arrive  at  the  minimum  order  of  the  polynomials  by 
physical  considerations.  For  instance,  examination  of  equation  (24)  shows  the  presence  of  two 
opposing  effects.  These  are  viscous  dissipation  which  tends  to  raise  the  temperature,  and  heat 
transfer  to  the  relatively  cold  wall  which  tends  to  lower  it.  Consequently,  an  extremum  value  of 
the  temperature  may  occur  somewhere  inside  the  boundary  layer,  and  dT^/dy  =  0  at  this  location. 
However,  <3f,,/3y  must  be  zero  at  the  boundary  layer  edge  also,  indicating  tlial  dTf{/dy  must  be 
at  least  quadratic  which  means  that  T  must  be  at  least  a  cubic.  Furthermore,  it  is  necessary 
lliat  the  assumed  polynomial  forms  be  taken  in  terms  of  a  transformed  transverse  coordinate  l 
defined  by 
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where  A  =j  />//J00  for  i~  1.2, 3, 4,  p^  is  the  frcc-stream  mass  density,  and  3( 
(/=  1,2, 3, 4)  are  the  thicknesses  of  the  boundary  layers  (velocity,  electron  temperature,  heavy 
particle  temperature,  and  concentration).  The  variables  (also  for  i  -  1,2, 3, 4)  are  called 
Howarlh-Dorodmlsyn  coordinates  because  equation  (26)  closely  resembles  the  Howarlh- 
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Dorodmlsyn  transformation  of  classical  compressible  boundary  layer  theory. 

The  assumption  of  cubic  profiles  for  u,  T (,  T  ,  and  a  yields  four  unknown  coefficients  for 
each  variable.  However,  using  the  set  of  three  constraints  described  earlier  the  number  of 

unkowns  reduces  lo  one  for  each  variable.  In  addition  to  these  unknowns,  we  have  p .  v,  the 
velocity  boundary  layer  thickness  J  ,  the  electron  thermal  boundary  layer  thickness  3 y  the  heavy 
particle  thermal  boundary  layer  thickness  by  and  the  ionization  boundary  layer  thickness  3 Tlic 
thicknesses  3(,  3,.  3Jt  and  3^  are  the  transverse  distances  away  from  the  wall  where  usu^ 
~  Tqq.  Tf{  *  T  ,  and  a  *  aQ Q.  In  addition  to  the  five  equations  (21)  through  (25),  we  have 


Ihe  following  equation 
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which  is  obtained  by  combining  an  equation  of  stale  P(  p,a,T  ,T  )  with  equation  (15). 

Therefore,  there  are  a  total  of  ten  unknowns  in  the  six  equations  (21),  (22),  (23),  (24), 

(25),  and  (27).  The  remaining  four  equations  may  be  obtained  by  : 


multi  ply  i  ng  equation  (22)  by  u. 


multiplying  equation  (23)  by  T . 


multi  ply  i  ng  equation  (24)  by  ^ 


h  tr 
-  +  — 

2  mA  2 


multiplying  equation  (25)  by  a. 


In  this  manner,  enough  equations  arc  generated  for  the  ten  unknowns. 

In  summary,  the  integral  method  may  be  outlined  as  follows,  (a)  Integrate  equation  (21) 

from  y-  0  to  y  -  This  gives  v  at  y  =  3  ;  (b)  Integrate  (22)  and  (28)  from  y  =  0  to 

y  =  <5(,  eliminating  v(y=5()  using  the  result  of  (a);  (c)  Integrate  (23)  and  (29)  from  y  =  0  to 

y  =  > 5j,  eliminating  v(y=  5  )  using  the  result  of  (a);  (d)  Integrate  (24)  and  (30)  from  y  =  0  to 

y=t 5(,  eliminating  v(y-i)  using  the  result  of  (a);  (e)  Integrate  (25)  and  (31)  from  y  =  0  to 

y~it.  eliminating  v(y=u|)  using  the  result  of  (a);  (f)  Assume  cubic  profiles  for  u,  F.,  T  ,  and 
a  in  terms  of  the  variables  £(,  i  2,  i  y  i A  defined  by  equation  (26);  (g)  Apply  the  constraints 

discussed  earlier  in  this  section  so  as  to  leave  only  one  undetermined  coefficient  for  each 

variable;  (h)  Using  the  assumed  polynomial  forms,  evaluate  the  integrals  in  (b)  through  (e)  and 
express  them  in  terms  of  the  unknown  coefficients. 

Following  the  above  procedure  will  result  in  nine  first  order  quasi-linear  ordinary 
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differential  equations  (including  equation  (27))  in  the  niue  unknowns  consisting  of  p,  A(.  A,, 
A  .  A  .  and  the  unknown  coefficients  for  u,  T  .  Tu,  and  a.  This  system  can  then  be  integrated 
numerically  relatively  easily  using  the  stiff  methods  of  Gear12.  The  next  section  will  illustrate 
this  procedure  for  the  example  of  the  ionizing  argon  boundary  layer  studied  by  Liu  et  a/.' 

V.  An  Illustrative  Example 

In  this  section,  we  consider  a  shock-generated  ionizing  boundary  layer  over  a  flat  surface. 
The  free  stream  is  assumed  to  be  constant,  in  order  to  be  consistent  with  the  assumptions  of  Liu 
et  a/.'  We  will  begin  by  making  some  additional  simplifications.  The  electron  energy  equation 
(23)  will  be  replaced  by 
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where  T  is  the  free  stream  temperature  (the  free  stream  is  a  single  temperature  plasma).  This 
assumption  is  quite  easily  justified.  The  electrons  being  negative,  are  repelled  by  the  eleclrical 
sheath  at  the  wall  and  consequently  retain  their  original  kinetic  energy  (surfaces  immersed  in  a 
plasma  are  bombarded  by  Ihe  greater  random  thermal  flux  of  electrons  and  arc  thus  enveloped  by 
a  negative  charge  layer).  Therefore,  the  electron  temperature  is  not  expected  to  vary  very  much 
across  the  boundary  layer.  Next,  only  elastic  collisions  will  be  considered  and  radiation  will  be 
neglected  (it  should  be  pointed  out  however  tliat  Liu  et  a/.'  have  partially  considered  plasma 
radiation  in  their  numerical  solution).  Additionally,  the  velocity  slip  and  temperature  slip  at  the 
wall  will  be  ignored.  This  means  that  1/^  =  0  and  T  =  T^.  As  a  final  simplification,  we  will 
assume  for  illustrative  purposes  that  all  the  boundary  layer  thicknesses  are  equal  (i.e. 

ww* 

Following  the  procedure  outlined  in  the  previous  section,  for  the  case  of  constaul  free 
stream  quantities  considered  by  Liu  et  a /.'  (lie  integro-differential  equations  are: 
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where  rw  is  the  wall  shear  defined  by 


0  is  the  momentum  thickness  defined  by 
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and  the  subscript  00  refers  to  free  stream  quantities.  Integration  of  the  heavy  particle  sensible 
energy  equation  gives: 


dx  p  u  (C  T  +u  2/2) 

"OO  OO  F  00  00  ' 

"t 

3/n.**oo  C  P° 

+  -  \  — - <  V  ><7-„-7-H)tfy 

j  /’«•  oo 


where  ©H  is  the  enthalpy  thickness  defined  by 
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where  C^~  Sk/lm^  is  the  specific  heat,  and  7wH  is  the  heavy  particle  conductive  wall  heat  flux 
given  by 
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The  integrated  rate  equation  gives: 
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where  I*  is  the  ionization  tliickness  defined  by; 
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and  n  and  V  are  the  number  density  and  transverse  diffusion  velocity  of  the  ions  evaluated  at 
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the  wall.  An  expression  for  1/  was  given  in  section  III. 

The  ionization  slip  a ^  from  which  n  may  be  obtained,  must  be  supplied  in  order  to  solve 
equation  (39).  This  is  obtained  by  considering  the  edge  of  the  boundary  layer  near  the  wall, 
fn  this  region  is  a  collisionlcss  layer  known  as  the  Knudsen  layer  where  all  the  slip  in  the 
various  quantities  is  confined.  Thus,  by  setting  the  macroscopic  diffusive  ion  flux  (from  the 
continuum  boundary  layer  side)  equal  to  the  random  thermal  flux  of  ions  (from  the  rarefied 
Knudsen  layer  side),  we  gel  : 
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where  DJon  is  the  ion  diffusion  coefficient  evaluated  at  the  wall,  and  CH  is  the  heavy  particle 
mean  thermal  speed  at  the  wall.  Next,  if 
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then  (35)  reduces  to 
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and  similarly,  the  other  quantities  that  appear  in  terms  of  derivatives  of  y  or  in  terms  of  integrals 
over  y  may  be  transformed  into  derivatives  and  integrals  in  £.  Before  these  various  integrals  are 
evaluated,  polynomial  forms  are  assumed  for  the  variation  of  the  velocity,  heavy  particle 
temperature,  and  the  ionization  fraction  across  the  boundary  layer.  For  the  purposes  of 
illustration,  we  will  assume  that  the  velocity  is  quadratic  in  £  and  is  therefore  completely 
determined  by  the  constraints  tv  =  0  at  £  =  0,  u  =  at  (*1,  and  du/d£  =0  at  £  «=  1  : 
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Similarly,  assuming  cubic  profiles  and  using  the  constraints  =  Tw  at  £  =  0,  T^  =  at  £  =  1, 

dTl(/&£  =  0  at  if  =  I ,  a  =  aw  at  f  *  0,  a  a  a  ^  at  f  8  1,  and  B  a  /3  £  *  0  at  £  =  1  gives 
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where  b i  and  CA  are  coefficients  yet  to  be  determined.  With  these  polynomial  forms,  the 
integrated  form  of  the  momentum  equation  (33)  is  a  differential  equation  for  A,  Hie  integrated 
form  of  the  energy  equation  (36)  is  a  differential  equation  for  the  unknown  coefficient  bA,  and 
the  integrated  form  of  the  rate  equation  (39)  is  a  differential  equation  for  the  coefficient  C4 . 
Thus,  the  original  system  of  non-linear  partial  differential  equations  are  reduced  to  a  system  of 
quasi-lmear  ordinary  differential  equations.  To  complete  the  formulation,  conditions  must  be 
prescribed  at  i  -  0.  the  leading  edge  of  the  boundary  layer.  These  arc  that  the  tlucknesses  A,  0, 
0(|,  and  /*  are  zero  at  the  leading  edge.  This  gives  C4  =  1  and  b4  =  l  ~  (T^/T^)  at  the  leading 
edge.  These  approximate  equations  describing  the  ionizing  boundary  layer  flow  considered  by  Liu 
et  at.  arc  then  solved  by  using  the  stiff  methods  of  Gear  *. 

The  case  chosen  here  is  that  labeled  as  "case  1"  by  Liu  et  a /.’  where  the  free  stream 

conditions  are  p  =  0.125  Kg/m',  =  4 $60  m/s ,  7’0Q  =  10490  °K,  a ^  =  0.021,  and  the 

surface  is  14  cin.  long.  The  transport  properties,  cross  sections,  and  rate  constants  are  those 
given  by  Liu  et  a/.'  The  results  of  the  present  calculation  arc  summarized  in  Fig.  1  through 
Fig.  4.  The  boundary  layer  thickness  as  a  function  of  distance  is  shown  in  Fig.  1,  and  this 

computed  thickness  is  less  Ilian  twice  the  thicknesses  computed  by  Liu  et  al.'s  finite  difference 
scheme.  In  view  of  the  approximations  that  have  been  made  in  this  illustrative  example  (i.e.  all 
the  boundary  layer  thicknesses  arc  equal;  radiative  heat  transfer  is  neglected;  and  temperature  slip 
at  the  wall  is  neglected),  the  predictions  using  the  present  integral  method  seem  quite  reasonable. 
A  major  factor  influencing  the  accuracy  of  the  results  is  the  precise  knowledge  of  the  wall 
surface  temperature.  Since  there  is  bound  to  be  some  heating,  the  temperature  at  the  wall  edge 
of  the  boundary  layer  should  be  significantly  higher  than  the  initial  wall  temperature  of  296  "K 
which  has  been  used  in  the  present  calculation.  This  should  therefore  lead  to  a  lower  mass 
density  and  a  lower  electron  number  density  near  the  wall,  than  those  predicted  here.  The 

ionization  fraction  non-diiiicnsionalizcd  by  the  free  stream  ioni/.alion  fraction  versus  distance 
across  the  boundary  layer  at  an  axial  position  of  14  cm.  downstream  from  the  leading  edge  is 
shown  in  Fig.  2.  Also  shown  in  this  figure  are  tlie  measured  data  of  Liu  et  a/.1  Interestingly 
enough,  a  slight  bulge  is  present  in  our  approximate  solution  wluch  was  observed  in  the 
experimental  data  and  which  djd  not  appear  in  the  numerical  results  of  Liu  et  a! .  The  bulge  is 
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cliaracterislic  of  t he  opposing  effects  of  ionization  and  recombination  in  the  boundary  layer.  The 
high  electron  temperature  lends  to  ionize  the  plasma  while  the  presence  of  the  cold  wall  drives 

the  plasma  to  recombine.  Consequently,  the  ionization  fraction  profile  achieves  its  maximum 
somewhere  inside  the  boundary  layer.  Finally,  it  is  worth  noting  that  the  numerical  computations 
of  Liu  et  a/.'  exhibit  a  weakly  varying  electron  temperature  across  the  boundary  layer,  in  accord 
with  the  assumption  given  by  equation  (32).  Since  the  purpose  of  boundary  layer  analysis  is  to 
estimate  the  heat  transfer  to  the  wall  and  to  estimate  the  viscous  drag,  these  cannot  go  without 
mention.  Fig.  3  and  Fig.  4  show  the  variation  of  the  heavy  particle  conductive  wall  heal  flux 
and  the  variation  of  the  wall  shear  versus  distance  downstream  from  the  leading  edge.  1  liesc 

exhibit  classical  behaviour,  being  large  near  the  leading  edge  where  the  boundary  layer  thickness  is 
small  and  decreasing  with  increasing  boundary  layer  thickness. 

This  section  has  focused  on  an  example  that  illustrates  the  integral  method  described  in 

section  IV.  The  results  obtained  with  relative  quickness  and  ease,  compare  reasonably  well  with 
the  numerical  computation  and  experiment  of  Liu  ft  a/.'  A  number  of  assumptions  leave  been 
made  m  tins  example  that  may  be  quite  easily  removed,  and  the  success  of  the  present  ni'-tliod 
does  not  depend  on  these  assumptions.  For  instance,  tins  method  is  sufficiently  robust  that  plasma 
radiation  could  be  included  as  well  as  unequal  boundary  layer  llucknesscs  (i.e. 

*  b ,  *  b }  *  o4  *  ^(),  temperature  slip  at  the  wall,  velocity  slip  at  the  wall,  mass  injection  at 
the  wall,  additional  chemical  reactions,  and  even  electromagnetic  effects. 

VI.  Summary  and  Conclusions 

An  integral  method  has  been  developed  which  is  capable  of  handling  raulli-tempcraturc, 

multi-specie,  ionizing,  laminar  boundary  layers.  Effects  of  plastna  radiation  and  electromagnetics 
may  also  be  incorporated  in  the  method.  A  unique  feature  of  the  method  is  the  separate 
treatment  of  the  electrons  and  heavy  particles.  The  two-lemperalure  ionizing  boundary  layer 
equations  have  l>ecn  simplified  for  the  example  of  a  shock-generated  ionizing  argon  boundary 
layer.  The  simplified  equations  have  been  solved  using  the  integral  method  described  in  section 
IV  for  this  case,  in  order  lo  illustrate  this  method.  This  integral  method  appears  to  be  a 
powerful  tool  in  providing  solutions  to  the  non-equilibrium  boundary  layer  equalions  relatively 
easily  and  quickly.  Moreover,  the  method  is  sufficiently  robust  that  it  can  be  extended  lo 
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incorporate  uou-equilibrium  chemical  reactions  and  electromagnetic  effects.  It  can  therefore  be 
used  to  validate  and  be  an  integral  part  of  multidimensional  numerical  computations. 

Several  important  characteristics  of  high  speed  ionizing  boundary  layers  near  cold  surfaces 
are  evident  from  the  illustrative  example  of  section  V.  First,  the  thickness  of  the  boundary  layer 
by  virtue  of  its  dependence  on  the  wall  shear  stress,  is  significantly  affected  by  the  viscosity  near 
the  wall.  The  viscosity  depends  strongly  on  the  ionization  fraction  near  the  wall  and  may 
therefore  vary  considerably7.  This  implies  that  boundary  layers  in  ionizing  channel  flows  may  be 
appreciably  thick  and  may  even  merge  if  the  density  is  low  enough.  Second,  the  ionization 
fraction  profile  across  the  boundary  layer  may  exhibit  a  bulge  due  to  the  opposing  effects  of 
ionization  and  recombination.  The  hot  electrons  tend  to  ionize  the  plasma  in  the  boundary  layer, 
while  the  cold  wall  lends  to  drive  the  plasma  to  recombine.  A  similar  behaviour  may  be 

observed  in  the  profile  for  the  heavy  particle  temperature,  if  the  flow  speed  is  high  enough7.  In 

this  case,  viscous  dissipation  in  the  boundary  layer  can  heal  the  flow  while  heat  transfer  to  the 
wall  can  cool  it.  In  the  specific  example  of  the  shock-generated  boundary  layer  considered  here, 
a  bulge  was  not  observed  in  the  heavy  particle  temperature  profile. 

In  spite  of  the  simplicity  and  elegance  of  the  integral  method,  a  number  of  weaknesses 

exist.  f  or  instance,  the  inclusion  of  excited  states  for  the  atom  and  the  ion  which  is  important 

for  the  consideration  of  plasma  radiation  may  render  this  integral  method  ineffective.  However, 
useful  information  may  still  be  obtained  using  this  integral  method  by  considering  the  plasma  to 
be  optically  thin  or  thick.  Weaknesses  also  exist  in  terms  of  the  boundary  conditions  for  the 
ionization  fraction  and  heavy  particle  temperature  near  the  wall,  and  the  neglect  of  the  electrical 
sheath  region  near  the  wall.  All  four  effects  could  affect  the  value  of  the  ionization  fraction  at 
the  boundary  laycr-Knudsen  layer  edge  near  the  wall,  and  consequently  affect  the  viscosity  and 
the  boundary  layer  thickness.  Nevertheless,  use  of  this  integral  method  provides  a  reasonable 
means  of  estimating  channel  entry  lengths,  heat  transfer,  and  viscous  drag  for  high  speed  reacting 
flows.  Finally,  this  method  may  be  most  useful  for  studying  the  effects  of  non-equilibrium 
processes  (i.e.  rate  kinetics)  on  boundary  layer  growth,  heat  transfer,  and  viscous  drag. 
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Fig.  1:  Boundary  layer  thickness  versus  distance. 

Fig.  2:  The  ionization  fraction  non-dimensionaiized  by  its  free  stream  value  is  sbowu  here 
versus  transverse  distance,  at  an  axial  location  of  14  cm.  The  scattered  data  are  the  experimental 
values  of  Liu  et  a/.1 

Fig.  3:  Heavy  particle  conductive  wall  heat  flux  versus  distance. 

Fig.  4:  Wall  shear  stress  versus  distance. 
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I.  Introduction 


Previous  works  have  focused  on  the  development  of  a  new  theory  of  the  life-limiting 
phenomenon  known  as  "ousel”  in  magnetoplasmadynamic  (MPD)  thrusters1'  \  The  predictions  of 
this  new  back-EMF  theory  correlated  well  with  measured  electrical  characteristics  as  well  as  with 
experimentally  determined  onset  limits5'  4'  J.  However,  in  order  to  quantify  onset  further  and 
estimate  electrode  erosion  rates,  it  is  necessary  to  consider  the  electrode-adjacent  boundary  layer 
in  detail.  It  is  the  study  of  this  boundary  layer  that  is  discussed  in  this  paper  and  represents  the 
first  such  study  for  the  MPD  thruster. 

Some  important  characteristics  of  the  boundary  layer  in  the  MPD  thruster  will  be  described 
first.  The  MPD  boundary  layer  is  compressible  because  of  density  variation  caused  by  a 
temperature  that  varies  from  above  about  1  eV  ( %  12000  K)  in  the  free  stream  to  less  than 
3500  K  near  the  wall  (i.e.  the  electrode).  A  further  complication  is  that  because  of  the  presence 
of  a  cold  wall  and  the  difference  in  the  masses  of  the  various  particles  (ions,  neutral  atoms,  and 
electrons),  the  plasma  is  expected  to  be  a  two-ternperature  fluid.  The  ions  and  neutrals  being 
very  similar  in  mass,  would  tend  to  exchange  translational  energy  by  elastic  collisions  more 
readily  amongst  themselves  than  with  the  electrons.  The  presence  of  the  cold  wall  implies  that 
the  heavier  particles  would,  by  colliding  with  the  wall  lend  to  assume  the  wall  temperature. 
Therefore,  the  heavy  particle  temperature  varies  significantly  across  the  boundary  layer  from  the 
free  stream  to  the  wall.  But,  the  electrons  being  negative,  are  repelled  by  the  negative  electrical 
sheath  at  the  wall  and  consequently  retain  their  original  kinetic  energy.  Therefore,  their 
temperature  is  not  expected  to  vary  very  much  across  the  boundary  layer.  Hence,  it  is  expected 
that  the  heavy  particles  (ions  and  neutrals)  would  have  a  temperature  different  Horn  the  lighter 
particles  (electrons).  For  quasi-steady  operation  of  the  MPD  tliruster,  the  electrode  temperature  is 
fairly  constant  over  the  entire  length.  Therefore,  the  MPD  boundary  layer  flow  may  be  treated 
as  a  boundary  layer  with  a  constant  wall  temperature  and  a  varying  free  stream.  In  summary, 
the  MPD  boundary  layer  is  compressible,  ionizing,  two-temperature,  and  is  adjacent  to  a  cold 
wall  at  a  constant  temperature. 

Laminar,  compressible  boundary  layer  theory  for  a  single  temperature  fluid  in  the  absence 
of  any  electromagnetic  effects  lias  been  summarized  by  Schlichting4  and  studied  by  several  other 
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authors7,  *'  *’  10,  However,  these  are  not  applicable  for  a  two-temperature  fluid.  A  detailed 
finite  difference  solution  to  the  compressible  two-temperature  equations  for  a  boundary  layer 
adjacent  to  a  non-current  conducting  surface  has  been  given  by  Liu  et  a/.'2.  Their  solution 
considers  nn  ionizing  argon  boundary  layer  in  a  supersonic  flow  over  a  wing.  However  the 

complexity  of  Liu  et  a/.’s  numerical  solution  does  not  permit  ease  of  applicability  to  design 
situations.  A  similar  finite  difference  calculation  has  been  performed  by  Doss  et  a/.13,  which 
deals  with  the  non-equilibrium,  compressible  boundary  layer  in  a  subsonic  MHD  flow  with  an 
applied  and  constant  magnetic  field.  Again,  the  numerical  computation  is  tedious.  This  paper 
will  focus  on  the  development  of  a  theory  that  preserves  the  physics  of  the  results  of  Liu  et  at. 
but  is  mathematically  much  simpler.  This  theory  further  differs  from  Liu  et  at.  in  tiial  it 
includes  electromagnetic  effects.  Nageswara  Rao’4  has  recently  studied  the  incompressible 
momentum  boundary  layer  in  an  MHD  channel  and  lias  included  the  Hall  effect.  However,  he 
has  neglected  the  energy  equation  and  the  thermodynamics.  These  assumptions  along  with  the 

effect  of  ionization  will  be  shown  to  be  crucial  in  llie  case  of  the  MPD  thruster. 

A  novel  feature  of  the  two-temperature  boundary  layer  that  will  be  considered  here  is  the 
important  role  played  by  ionization  on  the  growth  of  the  boundary  layer.  It  will  be  shown  in 
this  paper  that  the  strong  dependence  of  the  viscosity  on  the  ionization  fraction  and  the  subsequent 
control  of  boundary  layer  growth  by  the  viscosity,  affect  such  important  quantities  as  the  wall 
heal  flux  and  the  wall  shear.  This  iu  turn  affects  the  skin  drag  and  the  heat  transfer  to  the 

electrode,  which  has  an  important  effect  on  electrode  erosion. 

The  governing  equations  of  the  two-temperature  MPD  compressible  boundary  layer  are 
solved  by  means  of  an  approximate  method.  The  approximate  method  which  will  be  outlined 
here,  is  based  on  the  use  of  the  Howarth-Dorodnitsyn  transformation  in  conjunction  with  the 
momentum  and  energy  integral  method.  The  momentum  integral  equation  of  boundary  layer  theory 
was  first  derived  by  von  Karman15.  The  modern  form  of  this  equation  was  first  given  by 

Gruschwitz'6  and  finds  its  applications  iu  the  approximate  theories  for  both  laminar  and  turbulent 
boundary  layers.  Since  then,  Wicghardt'7  has  deduced  an  energy  integral  equation  by  a  similar 
approach.  This  approach  will  be  used  in  this  paper  to  reduce  the  original  partial  differential 
equations  to  ordinary  differential  equations.  The  success  of  using  this  integral  method  depends 
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largely  on  finding  self-similar  profiles  for  the  velocity,  heavy  particle  temperature,  and  ionization 
fraction.  The  presence  of  the  cold  wall  often  destroys  the  applicability  of  this  approach  to 
compressible,  chemically  reacting,  supersonic  boundary  layers.  For  this  reason,  the  integral 
method  is  adapted  and  is  used  here  in  conjunction  with  a  two-temperature  plasma  assumption  and 
the  Howarth-Dorodnitsyn  transformation.  Self-similar  profiles  are  then  sought  in  terms  of  the 
transformed  Howarth-Dorodnitsyn  transverse  coordinate.  The  assumption  of  the  two- 
tcinperature  plasma  besides  being  realistic,  enables  the  heavy  particle  fluid  to  be  treated  in  a 
fashion  similar  to  the  treatment  of  constant  Prandtl  number  fluids  of  classical  boundary  layer 

theory.  This  is  what  allows  the  use  of  the  momentum  and  energy  integral  methods. 

The  derivation  of  the  two  temperature,  non-equilibrium,  compressible  boundary  layer 
equations  from  first  principles  for  the  MPD  cliannel  flow,  will  be  summarized  in  sectiou  II. 

The  important  assumptions  required  to  simplify  these  equations  will  also  be  discussed.  An 
approximate  method  of  solving  these  equations  will  be  outlined  in  section  III  and  the  results  will 
be  given  in  section  IV.  Finally  a  summary  will  be  given  in  section  V,  along  with  the 

conclusions. 

II.  Governing  Equations 

This  section  will  focus  on  the  development  of  the  boundary  layer  equations  for  (he  plasma 
in  the  MPD  thruster.  Using  the  standard  boundary  layer  assumptions,  the  boundary  layer 
equations  for  a  steady,  two-temperature,  non-equilibrium,  compressible  plasma  will  be  derived 
from  the  general  equations  of  two  temperature  magnetoplasmadynamics.  These  have  been 
described  in  some  detail  by  Kaliklunan".  Kalikliman’s  approach  has  been  followed  to  derive  the 
general  equations  for  MPD  flow,  since  it  is  important  to  recognize  these  equations  prior  to 
making  the  boundary  layer  assumptions.  These  have  been  rigorously  developed  from  the  successive 
moments  of  the  generalized  Boltzmann  equation  (i.e.  the  conservation  of  mass,  momentum,  and 
energy)5.  However,  only  a  summary  will  be  given  here.  Since  the  development  of  these 

equations  is  long  and  tedious,  the  interested  reader  is  referred  to  the  development  found  in  detail 
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The  plasma  of  the  MPD  thruster  is  assumed  to  consist  of  neutral  atoms,  single  ions,  and 
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electrons.  As  a  first  approach,  the  sheaths  will  be  ignored,  and  the  condition  of  local  quasi- 
neutrahty  (i.e.  the  ion  and  electron  number  densities  are  equal)  will  be  assumed  to  hold 
evci/wlicre  in  the  boundary  layer.  The  electrical  resistance  of  the  boundary  layer  is  assumed  to 
be  small  compared  to  the  free  stream,  so  that  the  electrical  characteristics  are  determined  by  the 
free  stream.  Then,  the  governing  equations  for  two  dimensional  steady  flow  may  be  summarized 
as  follows  in  cartesian  tensor  notation,  with  the  repeated  subscripts  denoting  summation  from  1  to 
2  which  are  the  x  and  y  directions  respectively; 
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Heavy  particle  sensible  energy  :  (translational  mode  only) 
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Stale  : 

P  =  nAT,  +  (n+nA)kTH  (8) 

where  /J  is  the  net  production  of  ions  by  inelastic  collisions;  /j  is  the  mass  density,  P  is  the 

pressure;  B  is  the  magnetic  field;  i7()=  ij",n+  if*1""’  is  the  heavy  particle  dynamic  viscosity,  is 

the  permeability  of  free  space;  k  is  Boltzmann’s  constant;  is  the  electron  number  density  which 
is  equal  to  the  ion  number  density  because  of  the  quasi-neutrality  assumption;  T  is  the  electron 
temperature;  is  the  mass  of  an  electron;  m A  is  the  mass  of  an  atom;  j“  is  the  k‘h 

component  of  the  current  density  vector  of  the  species  a;  q is  the  /,h  component  of  the  heat 
flux  vector  of  species  a\  f  is  the  cartesian  permutation  tensor;  £k  is  the  klh  component  of  the 
electric  field  vector;  B  is  the  <7,h  component  of  the  magnetic  field  vector;  (A  is  the  /,h 

component  of  the  mass  weighted  local  average  plasma  velocity,  U=U{  is  the  velocity  component 
in  the  x-direction  or  the  flow  direction;  v  =  u2  is  the  velocity  component  in  the  y-direclion 

normal  to  the  electrode  and  transverse  to  the  flow;  U.a  is  the  f,h  component  of  the  diffusion 


velocity  or  the  average  peculiar  or  thermal  velocity  of  species  «;  n  is  the  neutral  atom  number 
density;  T  is  the  temperature  of  the  heavy  particles  (ions  and  neutrals);  <  vcH  >  is  the  energy- 
weighted  average  momentum  transfer  elastic  collision  frequency  between  an  electron  and  a  heavy 
particle*';  and  the  stress  tensor  fl  a  is  given  by: 
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where  is  the  viscosity  tensor  for  species  a,  Pa  is  the  partial  pressure  of  species  a,  and 

<5  is  the  Kronccker  delta.  In  order  to  calculate  the  transport  properties  and  obtain  the  diffusion 
velocity,  it  is  necessary  to  solve  the  full  Boltzmann  equation  for  the  velocity  distribution 
function  "  ’  .  The  flow  is  assumed  to  deviate  slightly  away  from  equilibrium,  so  that  the 

velocity  distribution  function  is  the  sum  of  the  Maxwell-Boltzinann  distribution  function  and  a 
perturbation.  This  regular  perturbation  solution  has  been  summarized  by  Kalikhman1*  for  the  case 
where  electromagnetic  effects  are  present.  However,  in  this  paper  the  transport  properties  are 
calculated  from  kinetic  theory.  Equations  (1)  through  (8)  constitute  a  system  of  6  equations 
in  the  6  unknowns  />,  U,  v,  T *  ,  7\  ,  and  the  ionization  fraction  a  =  n^/in^n^.  Before 
proceeding  with  any  further  simplifications  or  with  the  solution  of  the  above  equations,  it  is 
necessary  to  summarize  the  assumptions  that  lead  to  these  simplifications: 

•  The  boundary  layer  flow  is  laminar,  steady,  and  two  dimensional. 

•  The  Hall  effect  is  neglected. 

•  The  electrical  characteristics  of  the  boundary  layer  are  determined  by  the 
free  stream.  Therefore,  E  =  constant',  B  s  B  {x)\  and  /  * /^(x):  where  D ^  and 
/'oq  are  the  free  slream  magnetic  field  and  current  density  respectively. 

•  Radiative  heat  transfer  Is  neglected  in  this  first  approach. 

•  Axial  diffusion  is  neglected. 


•  The  plasma  is  a  two-ternperature  plasma.  A  quantitative  statement  of  this 
assumption  is  obtained  from  the  electron  energy  equation  (5)  by  comparing  the  heat 
conduction  (  the  second  term  on  the  left  hand  side  of  (5))  to  the  energy  transfer  by 
elastic  collisions  (the  fourth  term  on  the  right  hand  side  of  (5)).  '1  his  gives  the 

condition*: 


,  * 
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where  Lf  is  the  mean  free  path  of  the  electron,  and  is  the  boundary  layer 
thickness.  For  a  two  temperature  approach  to  be  valid  therefore,  we  must  have: 
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Simultaneously,  for  the  continuum  approximation  to  be  valid,  we  require  that 
L  /  <5  _  «  1.  Thus. 

c  T 


With  these  assumptions  and  some  additional  manipulation*,  equations  (1)  tlirough  (7)  become: 
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where  a  =  nc/^nc+nAl}<  *r  is  the  ionization  rate  constant;  k  is  the  recombination  rate  constant; 
is  the  thermal  conductivity  due  to  collisions  between  species  a  and  /?;  V  is  the  electron 

"»  |  g 

diffusion  velocity  in  the  y  direction,  given  by"  : 

eDc(E  -  uB)  D'd”, 

V  % -  (18) 

kTH  nt  dy 

and  D'  is  the  electron  diffusion  coefficient.  The  ionization  and  recombination  processes  are 

modelled  according  to: 

Ar  +  e  =  =  =  A'  +  e  ♦  e 

where  the  left  hand  side  represents  ionization  due  to  electron  impact  ( e )  with  a  neutral  atom 

(Ar),  and  the  right  hand  side  represents  tliree  body  recombination  with  two  electrons  and  a  singly 
ionized  atom  ( A *).  This  reaction  is  likely  to  be  one  of  the  dominant  processes  in  the  MPD 

thruster.  Finally,  the  ion  diffusion  velocity  in  the  y  direction,  U|  is  given  by2, 

eDHE-uB)  Didn* 

V  « -  <I9) 

kTu  n<  dy 


where  D'  is  the  ion  diffusion  coefficient  and  e  is  the  electronic  charge.  In  equation  (19),  the 
neutral  concentration  gradient  term  and  the  effects  of  thermal  diffusion  have  been  ignored  in 


order  to  simplify  the  equations.  Thus,  equation  (19)  resembles  Fick’s  law  with  an  additional 
term  that  is  present  because  there  is  a  current  being  driven  through  the  plasma. 


The  equations  (15)  and  (16)  may  be  simplified  further  with  the  following  additional 
assumptions: 


•  The  electron  temperature,  T  Is  assumed  to  be  fairly  uniform  across  the 

boundary  layer.  This  is  a  reasonable  approximation  and  is  supported  by  the  work 

of  Liu  et  a/12.  This  means  that  T ^  (x)  throughout  the  boundary  layer,  w  lit  re 

T  represents  the  free  Stream  temperature. 

•  The  ion  ohmic  heating  is  assumed  to  be  negligible.  This  means  that  the  first 

term  on  the  right  hand  side  of  the  heavy  particle  sensible  heat  equation  (16),  is 

neglected. 


The  final  form  of  the  governing  equations  is  then: 
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Heavy  particle  sensible  energy: 
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The  equations  (19)  through  (24)  have  been  obtained  after  a  lengthy  derivation  and  after  making 
several  assumptions.  These  equations  will  be  discussed  next.  Equation  (20)  is  the  equation  of 
mass  continuity  encountered  in  standard  compressible  boundary  layer  theory6.  Equation  (21)  is 
the  conservation  of  momentum.  It  resembles  the  usual  form  except  for  the  presence  of  the 
electromagnetic  body  force  which  appears  as  a  gradient  of  the  magnetic  pressure  (see  the  second 
term  on  the  right  hand  side  of  (21)).  Mathematically,  this  should  pose  no  additional  trouble 
since  it  has  the  same  form  as  the  hydrodynamic  pressure  gradient.  It  is  the  sensible  energy 
equations  (22)  and  (23)  that  require  some  explanation.  These  equations  have  been  referred  to 
in  this  paper  as  the  sensible  energy  equations,  because  they  include  only  the  translational  pail  of 
the  total  energy  of  the  particles.  The  energy  in  translation  is  therefore  the  "sensible”  heat  while 
any  internal  mode  such  as  electronic  excitation  is  referred  to  as  "latent"  heal.  Hence,  equation 
(23)  would  resemble  the  standard  energy  equation  written  in  terms  of  enthalpy  if  the  particles 
had  no  other  modes  of  energy  storage  except  in  translation.  This  is  clear  since  in  the  presence 
of  pure  translation,  the  enthalpy  is  h=5kT/2m^  which  appears  on  the  left  hand  side  or  (23). 
F.quation  (23)  therefore  resembles  the  classical  compressible  boundary  layer  equations  with  heat 
conduction  and  viscous  dissipation  (the  third  term  on  the  left  hand  side  of  (23)),  but  for  the 

presence  of  a  source  term  on  the  right  hand  side.  This  source  term  is  present  because  the 
electron  fluid  and  heavy  particle  fluid  have  been  treated  separately.  Consequently,  there  appears  a 
term  that  couples  the  two  energy  equations  together.  This  term  which  represents  the  tiansfer  of 
energy  by  elastic  collisions  between  the  electron  gas  and  the  heavy  particle  gas,  appears  as  the 

source  terra  on  the  right  hand  side  of  (23).  Equation  (24)  is  the  familiar  species  conservation 

20  ^2  IQ 

equation  encountered  in  the  field  of  combustion  -  *  ’  .  The  only  differences  arc  in  the 

expressions  for  the  diffusion  velocities,  equations  (18)  and  (19)  which  contain  additional  terms 
due  to  the  presence  of  a  current  in  the  plasma.  Equations  (20)  tluough  (24)  represent  the 

approximate  boundary  layer  equations  for  the  electrodes  in  the  MPD  thruster.  This  Section  has 
focused  on  a  summary  of  a  derivation  of  these  equations  which  are  given  in  detail  elsewhere'*'  *. 
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Thc  next  section  will  focus  on  an  approximate  solution  of  these  governing  equations. 


III.  An  Approximate  Method  of  Solution 

This  section  will  focus  on  the  description  of  an  approximate  method  of  solution  to  the 
governing  equations  presented  in  section  II.  A  brief  review  of  existing  approximate  methods  will 
be  given  first.  Then,  the  complications  of  the  electrode-adjacent  boundary  layer  in  the  MPD 
thruster  wilt  be  briefly  mentioned,  followed  by  a  detailed  description  of  the  approximate  method 
proposed  herein. 

A  system  of  equations  similar  to  those  presented  in  section  II  have  been  solved  by  Liu  et 
a/.  *  by  the  use  of  a  finite  difference  technique.  In  this  section,  a  simpler  but  approximate 
solution  teclinique  will  be  developed  in  order  to  solve  equations  (20)  through  (24).  Several 
authors  have  solved  systems  of  equations  that  are  similar  to  the  governing  equations  of  section  II. 
These  will  be  reviewed  briefly.  The  equations  are  particularly  easier  to  solve  if  the  Prandtl 
number  is  either  one  or  constant.  Emmons  and  Brainerd'0  have  developed  a  similarity  solution 
for  n  compressible  boundary  layer  over  an  insulated  plate  at  arbitrary  Prandll  numbers.  For  a 
Prandtl  number  of  unity.  Pools*  has  studied  heat  transfer  in  laminar  boundary  layers  with  an 
adverse  pressure  gradient  and  an  adiabatic  wall.  Poots  uses  the  Illingworlh-Stcwartson 
transformation  to  reduce  the  compressible  flow  equations  to  incompressible  form.  Curie7  has 
extended  the  work  of  Poots  to  the  case  of  a  constant  wall  temperature  and  an  arbitrary  bul 
constant  Prandll  number  greater  than  0.5.  Such  a  similarity  solution  fails  in  the  case  of  a 
reacting  supersonic  boundary  layer  with  a  constant  wall  temperature.  Nageswara  Rao'4  has 
recently  studied  the  compressible  boundary  layer  in  a  magnetohydrodynamic  channel,  but  has 
altogether  neglected  the  energy  equation  and  the  thermodynamics.  These  will  be  shown  lo  be 
crucial  for  the  MPD  tlirustcr.  The  method  presented  herein  differs  from  all  the  above  in  that  a 
relatively  easy  approximate  solution  is  found  by  reducing  the  original  partial  differential  equations 
to  ordinary  differential  equations,  and  then  solving  by  using  a  momentum  integral  mclhod.  An 
integral  method  has  been  successfully  used  by  Chan  who  does  nol  consider  a  reacting  boundary 
layer.  None  of  these  authors  with  the  exception  of  Nageswara  Kao'4  have  considered 
electromagnetic  effects.  Hains75  has  considered  electromagnetic  effects  in  a  constant  conductivity, 
non-rcncting  compressible  boundary  layer.  He  too  has  successfully  us.  o  an  mt<  gral  method. 
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Tlic  problem  of  the  electrode  boundary  layer  in  the  MPD  thruster  includes  all  the 
complications  of  a  classical  compressible  boundary  layer  and  more.  It  includes  the  additional 
effects  of  electromagnetics,  chemical  reaction  (ionization  and  recombination),  variable  flow 
properties,  and  a  constant  wall  temperature.  The  constant  wall  temperature,  together  with 
chemical  reaction  often  destroy  tie  simplicity  of  the  integral  method  because  unlike  the  case  of 
the  adiabatic  wall,  the  temperature  may  not  achieve  its  maximum  at  either  the  wall  or  the  free 
stream.  This  makes  approximate  solutions  very  tricky.  The  method  proposed  herein  addresses  all 
these  complications. 


-V 
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Simply  stated,  the  present  integral  method  begins  by  integrating  the  partial  differential 

equations  (20)  tluough  (24)  from  y-  0  to  y-  in  order  to  eliminate  the  dependence  on  the 

transverse  coordinate  y.  The  result  is  a  set  of  ordinary  differential  equations  in  the  axial 

coordinate  X  for  certain  dependent  variables  tliat  appear  as  integrals  over  the  transverse  coordinate 
y.  Next,  the  Howarth-Dorodnilsyn  transformation20  is  used  to  transform  the  integration  variable 

from  y  to  a  variable  £  which  varies  from  0  at  the  wall  to  I  at  the  edge  of  the  boundary  layer. 

This  is  done  in  order  to  eliminate  the  density  dependence  in  compressible  flow.  Then,  the 

integrands  in  the  integrals  are  assumed  to  be  polynomial  functions  of  this  variable  £.  The  choice 
of  the  order  of  these  polynomials  is  not  obvious  but  will  be  discussed  in  detail  later  in  this 

section.  The  differential  equations  are  then  simultaneously  integrated  from  the  leading  edge  of  the 

boundary  layer  to  any  desired  downstream  location.  The  details  of  this  scheme  have  been  outlined 
by  Hains*3  and  Subramaniain2. 


Let  us  now  examine  the  integro-differenlial  equations  obtained  by  integrating  equations 
(21),  (23),  and  (24).  Integrating  these  equations  and  rearranging,  we  obtain: 
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where  rw  is  the  wall  shear  defined  by. 
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is  given  by: 
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and  the  subscript  oo  refers  to  free  stream  quantities.  Integration  of  the  heavy  particle 
energy  equation  (23)  gives 
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where  Uf  is  the  slip  velocity  at  the  wall,  0(|  is  the  enllialpy  thickness  defined  by 
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is  defined  by 
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and  q  is  the  heavy  particle  wall  heat  flux  given  by 
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where  XH=X,nn-*-X  ’  is  the  heavy  particle  thermal  conductivity.  The  integrated  rate  equation 
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where  /?  w  and  1/  w  are  the  number  density  and  y-component  of  the  diffusion  velocity  of  the  ions 
evaluated  at  the  wall,  and  /*  is  the  ionization  thickness  defined  by: 


/*  =  f  — - (— -"I  )dy  (34) 

0  ^00  00  00 

The  general  case  of  velocity  slip  </  i*  0  (where  u%  is  the  plasma  velocity  at  the  wall),  temperature 
slip  T t  +  T w  (where  7”w  is  the  wall  or  electrode  temperature  and  T  is  the  plasma  temperature  at 
the  wall),  and  ionization  or  concentration  slip  at  the  wall,  have  been  treated  by  Subramaniam2. 
However,  in  this  paper  only  ionization  slip  will  be  considered.  This  means  that  u  -  0  and 
Tl~Tw-  The  ionization  slip  a  which  must  be  supplied  for  the  rale  equation  (33),  is  obtained 
by  setting  the  macroscopic  diffusive  mass  flux  at  the  wall  equal  to  the  random  thermal  mass  flux 


at  the  wall  : 
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where  DJ  is  the  ion  diffusion  coefficient  at  the  wall,  Ev  is  the  electric  field  at  the  wall  which 
is  determined  from  overall  current  conservation,  and  <CH>  is  the  mean  heavy  particle  thermal 
speed  at  the  wall.  The  application  of  the  Howarlh-Dorodnitsyn  transformation  to  the  integrals 
enables  the  elimination  of  density  from  the  integrand.  Thus,  if 
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where  A  is  given  by 

a. 
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then  (27)  reduces  to: 
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Similarly,  the  other  quantities  that  appear  in  terms  of  derivatives  with  respect  to  y  or  in  terras  of 
integrals  over  y  may  be  transformed  into  derivatives  and  integrals  in  £. 

Before  the  various  integrals  can  be  evaluated,  it  is  necessary  to  assume  profiles  for  the 

variation  of  the  velocity,  heavy  particle  temperature,  and  the  ionization  fraction  across  the 

boundary  layer.  A  quadratic  profile  for  U  and  cubic  profiles  for  TH  and  a  in  terms  of  (  are 
assumed.  Cubic  profiles  for  f  and  a  are  assumed  because  the  maximum  temperature  and 

maximum  ionization  fraction  could  occur  somewhere  inside  the  boundary  layer,  and  not  necessarily 
at  the  wall  as  in  the  case  of  an  adiabatic  wall.  The  velocity  profile  is  then  completely 
determined  by  the  following  constraints: 
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Analogously,  for  the  temperature  and  ionization  fraction 
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Thus,  the  temperature  and  ionization  profiles  arc: 
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where  *4  and  C4  arc  coefficients  yet  to  be  determined,  the  subscript  oo  refers  to  free  stream 
quantities,  and  the  subscript  W  refers  to  quantities  evaluated  at  tfic  wall.  Using  these  polynomial 
forms,  the  integrated  form  of  the  momentum  equation  (25)  is  a  differential  equation  for  A,  the 
integrated  form  of  the  energy  equation  (29)  is  a  differential  equation  for  the  unknown 
coefficient  64,  and  the  integrated  form  of  the  rate  equation  (33)  is  a  differential  equation  for 
the  coefficient  C 4<  Thus,  the  original  system  of  non-linear  partial  differential  equations  have  been 

reduced  to  a  system  of  quasi-lmear  ordinary  differential  equations.  To  complete  the  formulation, 
conditions  must  be  prescribed  at  x  =  0,  the  leading  edge  of  the  boundary  layer.  These  are  that 
the  thicknesses,  A,  0,  ©H,  and  /*  are  zero  at  the  leading  edge.  Further,  starting  conditions  must 
be  specified  for  d4  and  c4.  This  can  be  obtained  by  requiring  that  the  second  derivatives  of  T 
and  a  with  respect  to  (  be  zero  at  the  leading  edge.  This  gives  c4  =  1  and  =  1  -  (7^/7^)  at 
the  leading  edge.  These  approximate  equations  describing  boundary  layer  flow  have  been 
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integrated  using  the  Gear  method'  .  The  Gear  algoritlun  is  used  because  of  the  "stiffness"  of  the 
system  of  ordinary  differential  equations. 

In  summary,  an  approximate  solution  to  the  two  temperature  boundary  layer  theory  of 
section  II  has  been  outlined.  This  approximate  solution  uses  the  Howarlh-Dorodnitsyn 
transformation  and  reduces  the  complicated  system  of  non-linear  partial  differential  equations  to  a 
relatively  simpler  set  of  quasi-liuear  ordinary  differential  equations.  In  the  next  section,  the 
solution  to  these  equations  will  be  given  for  various  conditions  that  arise  in  the  electrode-adjacent 
boundary  layer  of  the  MPD  thruster. 

IV.  Results  of  Boundary  Layer  Theory 

The  boundary  layer  equations  have  been  solved  by  the  integral  method  outlined  in  the 
previous  section,  near  the  onset  condition  predicted  by  the  quasi  one-dimensional  non-equilibrium 
theory  of  back-EMF  onset1'  *.  The  results  of  this  analysis  are  presented  in  tins  section.  The 

results  focus  primarily  on  a  mass  flow  rate  of  3  g/sec  of  argon  propellant,  but  results  for  a 
mass  flow  of  6  g/sec  are  also  mentioned.  The  free  stream  conditions  at  onset  for  a  given  mass 
flow  rate,  have  been  obtained  from  the  results  of  quasi- ID  non-equilibrium  theory1'  J.  A 
constant  wall  temperature  of  3000  K  is  assumed,  and  the  heavy  particle  Prandtl  number  is  taken 
to  be  mt  0.7.  Since  boundary  layers  usually  begin  at  stagnation  points  or  at  sharp  edges,  the 

slartiug  point  or  leading  edge  must  be  specified.  The  entrance  region  of  the  MPD  lliruster  is  not 
well  understood,  and  it  is  not  clear  what  the  flow  pattern  is  in  this  region.  Therefore,  for  the 
purposes  of  this  analysis,  the  boundary  layer  is  assumed  to  begin  at  the  inlet.  Since  the  sonic 
point  ( M  =  1,  where  M  is  the  Mach  number)  is  very  close  to  the  inlet,  the  calculation  is 

simpler  if  the  leading  edge  defined  by  x  m  0  is  taken  to  be  at  the  sonic  point 

The  governing  equations  (20)  through  (24)  are  then  simultaneously  integrated  from  x  =  0 
to  x  *  L.  This  is  done  for  several  different  cases  in  order  to  examine  the  effect  of  ionization  on 
the  boundary  layer  growth.  The  case  of  a  non-equilibrium  boundary  layer  with  ionization  slip 
(i.e.  is  determined  from  (35))  with  a  non-equilibrium  free  stream  will  be  considered  first. 
Next,  the  ionizing  free  stream  with  a  frozen  boundary  layer  (i.e.  a  =  a^fx)  )  will  be  considered. 
Finally,  the  case  of  a  fully  ionized,  frozen  free  stream  with  a  frozen  boundary  layer  (i.e.  <i  *  1 
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all  across  the  boundary  layer)  will  be  addressed.  The  mass  flow  of  3  g/sec  will  be  considered 
first. 

The  results  of  the  non-equilibrium  theory  are  summarized  in  Fig.  1,  Fig.  2,  Fig.  3.  Fig.  4, 
Fig.  5.  and  Fig.  6.  Fig.  1  shows  the  growth  of  the  boundary  layer  at  the  cathode.  The 

boundary  layer  at  the  anode  is  assumed  to  be  similar  to  tire  cathode,  and  is  plotted  assuming  this 
symmetry  for  the  5  cm.  high  straight  coaxial  thruster  of  King4.  It  is  found  that  the  boundary 
layers  are  relatively  thick  and  actually  merge  at  an  axial  distance  of  approximately  4  cm.  from 
the  leading  edge.  This  surprising  fact  will  be  discussed  at  length,  later  in  this  section.  The 

ionization  fraction  at  the  wall  is  shown  in  Fig.  2  as  a  function  of  distance.  This  ionization  slip 
decreases  with  distance  as  expected,  since  the  diffusion  lime  increases  as  the  boundary  layer 

thickness  increases  with  distance  along  the  tliruster.  Thus,  though  the  free  stream  ionization 

fraction  increases,  it  takes  longer  for  ions  to  diffuse  to  the  wall  in  order  to  replenish  those  that 
are  lost  due  to  recombination.  The  ionization  fraction  non-dimensionalized  by  the  free  stream 

ionization  fraction  is  shown  in  Fig.  3  versus  distance,  at  a  location  of  1  cm.  from  the  leading 
edge.  The  bulge  in  the  profile  is  cliaractcristic  of  hot,  high  speed  flows  in  contact  with  a  cold 

wall.  The  constant  electron  temperature  in  the  boundary  layer  tends  to  ionize  the  plasma, 

whereas  the  presence  of  the  cold  wall  drives  the  plasma  to  recombine.  These  two  opposing 
effects  cause  the  maximum  ionization  fraction  to  occur  somewhere  in  the  middle  of  the  boundary 
layer  as  shown  in  the  figure.  The  non-dimensional  temperature  profile  is  shown  in  Fig.  4.  A 

bulge  analogous  to  the  one  observed  in  Fig,  3  is  not  apparent,  because  the  plasma  flow  velocity 

is  not  high  enough  for  the  viscous  dissipation  to  be  comparable  with  the  heat  transfer  to  the  wall. 
Another  source  of  heating  is  the  energy  transfer  from  elastic  collisions  with  the  hot  electrons. 
This  too  is  not  comparable  with  the  conductive  heat  transfer  to  the  wall.  Fig.  5  and  Fig.  6 

show  the  variation  of  the  heavy  particle  wall  heat  flux  and  the  wall  shear  stress  respectively. 
The  heat  flux  is  large  near  the  leading  edge  of  the  boundary  layer  (x  -  0)  because  the  boundary 
layer  thickness  is  small.  In  fact,  the  heat  flux  is  infinite  exactly  at  the  leading  edge,  because  of 
the  singularity  at  x  =  0.  This  is  of  course  non-physical,  because  the  boundary  layer  becomes 

free-molecular  very  close  to  the  leading  edge.  Thus,  the  leading  edge  is  a  singularity  only  in  the 

continuum  theory.  The  wall  shear  is  large  when  the  boundary  layer  thickness  is  small  (since  this 
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means  that  the  velocity  gradient  at  the  wall  is  large),  and  then  decreases  as  the  boundary  layer 

grows  to  be  thicker.  The  heavy  particle  wall  heat  flux  exhibits  a  similar  behaviour.  From 

classical  boundary  layer  theory,  both  the  wall  shear  and  the  wall  heat  flux  would  be  expected  to 
decrease  with  increasing  boundary  layer  thickness. 

The  case  of  the  frozen  boundary  layer  with  an  ionizing  free  stream  will  be  considered  next. 

I  2 

Again,  the  free  stream  conditions  are  obtained  from  quasi- ID  non-equilibrium  theory  '  since  the 
free  stream  is  assumed  to  be  ionizing.  However,  since  the  boundary  layer  is  chemically  frozen, 

the  ionization  fraction  in  the  boundary  layer  is  Die  same  as  in  the  free  stream  (i.c.  a  = 

throughout  the  boundary  layer).  This  means  that  there  is  no  ionization  or  recombination  in  the 
boundary  layer.  The  motivation  for  studying  this  case,  is  to  examine  Die  effect  of  varying 

ionization  fraction  at  the  wall  <i.  e.  aw)  on  the  viscosity.  The  boundary  layers  in  the  thruster 

for  Hus  case  are  shown  in  Fig.  7.  This  case  differs  from  the  non-equilibrium  case  with 

ionization  slip  in  that  the  boundary  layers  do  not  merge,  though  they  are  appreciably  thick.  The 

boundary  layer  thickness  is  seen  to  decrease  near  Die  exit  of  the  thruster,  due  to  the  drastic 
variation  of  the  free  stream  conditions  near  the  exit'.  The  heavy  particle  temperature  profile  is 
shown  in  Fig.  8  at  four  different  locations,  1  cm.,  5  cm.,  10  cm.,  and  15  cm.  from  the  leading 
edge.  The  noticeable  bulge  in  the  profiles  far  from  the  leading  edge  exists,  because  of  the 
opposing  effects  of  viscous  dissipation  aud  heat  transfer  to  the  cold  wall.  This  bulge  does  not 
appear  near  Hie  leading  edge  because  the  plasma  flow  velocity  is  small  and  therefore  the  viscous 
dissipation  is  small.  Fig.  9  and  Fig.  10  depict  the  variation  of  the  heavy  particle  wall  heat  flux, 
and  the  wall  shear  respectively.  The  heat  flux  and  wall  shear  are  seen  to  decrease  with 
increasing  boundary  layer  thickness,  as  expected.  The  magnitudes  of  the  heat  flux  and  the  wall 
shear  aie  lower  in  the  frozen  boundary  layer  as  opposed  to  the  non-equilibrium  boundary  layer 
with  ionization  slip,  because  of  the  smaller  thermal  conductivity  and  smaller  viscosity.  The 
viscosity  is  smaller,  because  the  frozen  boundary  layer  has  a  greater  ionization  fraction  than  in 
the  non-equilibrium  case.  The  thermal  conductivity  is  smaller  because  the  viscosity  is  smaller, 
and  the  heavy  particle  Prandtl  number  is  fixed.  It  is  evident  by  comparing  these  cases,  that  the 
amount  of  ionization  at  the  wall  is  extremely  important  in  determining  the  heat  transfer  and  the 
wall  shear  because  of  its  effect  on  boundary  layer  growth. 
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A  more  dramatic  illustration  of  the  effect  of  ionization  is  enabled  by  studying  the  case  of 
the  fully  ionized  frozen  boundary  layer.  In  this  instance,  the  fully  ionized,  frozen,  quasi- ID  flow 
described  by  Lawless  et  a/.1  is  used  to  provide  the  free  stream  boundary  conditions,  and  the 
boundary  layer  is  treated  as  being  fully  ionized  and  chemically  frozen.  The  results  of  this 
calculation  are  shown  in  Fig.  11,  Fig.  12,  Fig.  13,  and  Fig.  14.  The  qualitative  behaviour  of 
the  various  quantities  (i.e.  heavy  particle  temperature,  heavy  particle  wall  heat  flux,  and  wall 
shear)  are  the  same  as  before,  and  have  been  explained  in  the  other  cases  that  were  considered. 
The  magnitudes  of  the  quantities  are  lower  in  this  fully  ionized  case,  again  because  of  the  lower 
viscosity  and  thermal  conductivity.  This  will  be  addressed  in  detail  next. 

The  heavy  particle  Prandtl  number  has  been  fixed  at  0.7  in  the  boundary  layer  calculations. 
Thus,  if  the  viscosity  is  known,  the  thermal  conductivity  may  be  calculated  using  the  definition  of 
the  Prandtl  number.  The  viscosity  of  the  plasma  is  primarily  due  to  the  heavy  particles.  Since 
the  electrons  have  a  significantly  smaller  mass  Ilian  the  ions  and  neutrals,  their  conlribution  to  the 
viscosity  is  negligible21.  The  heavy  particle  dynamic  viscosity  is  the  sum  of  the  ion  viscosity  and 
the  neutral  viscosity.  Since  the  mass  of  the  ion  differs  from  that  of  a  neutral  only  by  the  mass 
of  the  electron,  the  ions  and  neutrals  are  treated  as  having  the  same  mass  in  this  two-temperature 
theory.  Therefore,  at  a  given  heavy  particle  temperature,  the  mean  thermal  speed  of  the  ions  is 
approximately  the  same  as  that  of  the  neutrals.  The  viscosity  may  then  be  obtained  from  kinetic 
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where  <CH>  is  the  mean  thermal  speed  of  the  heavy  particles,  i)H  is  the  mean  free  path  for  an 
ion  colliding  with  other  heavy  particles,  and  is  the  mean  free  path  for  a  neutral  colliding 
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with  other  heavy  particles.  The  mean  free  paths  for  the  ions  and  neutrals  are  given  by*  : 


L  ■  - 

,H  n  0  +  n  0 

e  li  A  jA 


n  Q  +  n  O 

A  AA  v  lA 


where  the  Q’s  denote  energy-averaged  momentum  transfer  collision  cross  sections  between  the 
various  species  (the  subscript  i  refers  to  ions  and  A  refers  to  neutral  atoms).  Using  these,  the 
definition  of  the  ionization  fraction  a  -  njin+nj,  and  quasi-neutrality  n,~  nc  gives  the 
following  expression  for  viscosity  in  terms  of  the  ionization  fraction: 
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where  Q  denotes  the  coulombic  ion-ion  cross  section,  0  denotes  the  ion-neutral  cross  section, 

ll  »A 

and  Oaa  denotes  the  neutral-neutral  cross  section.  Typically  for  argon,  0AA  *  lO'1’ zir, 
O  lO'^m3,  and  Q  w  lO'^/n2.  It  can  be  seen  from  (43)  that  when  a  =  0,  the  viscosity  is 
determined  by  0AA-  If  a  -  I.  then  the  viscosity  is  determined  by  which  is  three  orders  of 
magnitude  bigger  than  C?AA.  Further,  if  a  <  0.9,  the  viscosity  is  primarily  determined  by  d?A. 
which  is  only  about  an  order  of  magnitude  bigger  than  0AA-  This  indicates  tliat  in  order  to  have 
very  small  boundary  layer  thicknesses,  the  boundary  layer  flow  must  be  very  nearly  fully  ionized. 
In  fact,  it  is  this  dependence  of  the  viscosity  on  the  degree  of  ionization  that  has  resulted  in  the 
relatively  large  boundary  layer  thicknesses  that  have  been  computed.  This  explains  why  the  non- 
equilibrium  boundary  layer  grew  so  quickly  as  to  merge  in  the  middle  of  the  thruster.  The 
straight  coaxial  tliruster  of  King4  has  been  described  by  experimentalists  as  being  "lossy”  compared 
to  the  shorter  "bendimark"  thruster  (the  "benchmark"  tliruster  was  less  than  10  cm.  long  whereas 
King’s  coaxial  tliruster  was  20  cm.  long).  The  non-equilibrium  boundary  layer  theory  presented 
in  this  paper  explains  why  this  is  so.  The  resulting  dependence  of  the  viscosity  on  the  ionization 
fraction  also  causes  the  heavy  particle  thermal  conductivity  to  depend  on  the  ionization  fraction  as 
well  (this  is  because  the  heavy  particle  Prandtl  number  is  roughly  constant).  Consequently,  this 
affects  the  heat  transfer  to  the  electrode. 

Thus  far,  MI’D  boundary  layer  flow  has  been  discussed  under  the  non-equilibrium,  frozen, 
and  fully  ionized  assumptions,  for  a  uniform  mass  flow  of  3  g/sec.  A  calculation  of  the  non¬ 
equilibrium  boundary  layer  has  also  been  performed  Tor  a  uniform  mass  flow  of  6  g/sec.  For 
this  mass  flow,  the  boundary  layers  merged  at  approximately  6  cm.,  as  opposed  to  4  cm.  from 


tlie  leading  edge  for  a  mass  flow  of  3  g/sec.  This  is  to  be  expected,  since  the  density  is  higher 
in  the  higher  mass  flow  case  which  in  turn,  gives  smaller  boundary  layer  thicknesses. 

The  boundary  layer  solutions  presented  in  this  section  may  be  used  to  estimate  (he  drag  as 
well  as  the  heat  transfer.  The  heavy  particle  heat  flux  that  has  been  calculated  in  this  section, 
gives  an  idea  of  how  much  heat  is  transferred  from  the  hot  flowing  plasma  to  the  wall  by 
thermal  conduction.  The  results  of  this  section  may  be  used  to  determine  electrode  surface 
temperatures  which  determine  erosion  rates. 

V.  Summary  and  Conclusions 

The  electrode-adjacent  boundary  layer  in  an  MPD  thruster  has  been  analyzed  for  the  first 
time.  The  governing  equations  for  a  two-temperature,  laminar,  compressible,  plasma  boundary 
layer  have  been  derived  from  first  principles.  Approximate  solutions  to  these  equations  have  been 
obtained  for  the  MPD  thruster  operating  at  steady  state  under  near-onset  conditions,  under  various 
assumptions  regarding  the  rate  kinetics.  The  approximate  solutions  have  been  obtained  by  the 
Howarth-Doro-lnitsyn  transformation  used  in  conjunction  with  energy  and  momentum  integral 
methods.  Thus,  the  effects  of  wall  friction  and  heat  transfer  to  the  wall  have  been  quantified. 

The  boundary  layer  theory  presented  in  this  paper  provides  a  means  of  estimating  viscous 
drag,  heat  transfer,  and  has  underscored  the  importance  oT  ionization  and  recombination  rate 
kinetics.  Three  cases  have  been  considered.  The  first  is  a  non-equilibrium  boundary  layer  with 
ionization  slip,  the  second  is  a  frozen  boundary  layer  with  a  non-equilibrium  ionizing  free-stream, 
and  the  third  is  a  fully  ionized  frozen  boundary  layer  with  a  fully  ionized  frozen  frec-stream. 
The  three  different  assumptions  about  the  rale  kinetics  have  yielded  significantly  different 
boundary  layer  thicknesses.  This  has  important  conscqueuccs  for  viscous  drag  and  heat  transfer  to 
the  electrode.  The  case  of  the  non-equilibi iura  boundary  layer  with  realistic  ionizatiou  slip  has 
yielded  a  large  boundary  layer  thickness.  This  implies  tliat  the  anode  and  cathode  boundary  layers 
merge  in  (lie  channel,  leading  to  a  fully  developed  flow. 

The  strength  of  this  boundary  layer  theory  lies  in  its  assumption  of  a  two-temperature 
plasma.  However,  two  weak  assumptions  namely  that  of  scalar  electrical  conductivity  and  that  of 
negligible  radiative  heat  transfer,  must  be  addressed.  These  assumptions  have  been  made  in  order 


to  simplify  an  otherwise  complicated  problem.  Inclusion  of  the  Hall  effect  (tensor  electrical 

conductivity)  would  render  the  free  stream  flow  two-dimensional.  Further,  it  would  render  the 
assumption  of  negligible  ion  ohmic  heating  in  the  heavy  particle  sensible  energy  equation  (see 

section  11)  invalid.  Radiation  from  the  hot  plasma  to  the  wall  may  also  be  important  for 
determining  the  heat  transfer  to  the  electrode.  The  inclusion  of  radiation  could  lead  to  higher 
ionization  fractions  near  the  wall,  and  therefore  possibly  reduce  the  wall  shear  and  wall 

conductive  heat  flux  by  lowering  the  viscosity  and  the  thermal  conductivity.  However,  there 
would  be  additional  heat  transfer  to  the  wall  because  of  the  radiative  interaction  between  the 

plasma  and  the  wall  and  this  is  expected  to  be  the  dominant  effect.  Also,  the  increased 
ionization  fraction  near  the  wall  will  lead  to  higher  ion  bombardment.  Plasma  radiation  may 

therefore  enhance  the  overall  electrode  erosion  rate. 

This  w'ork  has  demonstrated  the  importance  of  ionization  and  recombination  in  the  electrode- 
adjacent  boundary  layer  of  the  MPD  thruster.  The  results  of  the  boundary  layer  analysis  has 

indicated  that  the  MPD  boundary  layer  may  be  appreciably  thick  and  therefore  may  have 

important  consequences  for  the  viscous  drag  and  electrode  erosion.  Further  experimental 

information  on  temperatures  and  concentrations  near  the  electrodes  would  therefore  be  invaluable. 
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Fig.  1:  Non-equilibrium  boundary  layer  growth  for  a  total  mass  flow  of  3  g/s. 

Fig.  2:  Ionization  fraction  at  the  wall  {i.e.  ionization  slip)  versus  distance  along  the 
electrode,  for  a  total  mass  flow  of  3  g/s. 

Fig.  3:  Profile  of  non-dimensionalized  ionization  fraction  across  the  boundary  layer,  at  a 
location  of  1  cm.  downstream  from  the  leading  edge.  The  case  shown  here  is  tliat  of  a  non¬ 
equilibrium  boundary  layer  for  a  mass  flow  of  3  g/s. 

F'3-  4:  Profile  of  the  heavy  particle  temperature  across  the  boundary  layer  at  1  cm.  from 
the  leading  edge.  The  case  shown  here  is  that  of  a  non-equilibrium  boundary  layer  for  a  mass 
flow  of  3  g/s. 

Fig.  5:  Variation  of  heavy  particle  wall  conductive  heat  flux  versus  distance.  The  case 
shown  here  is  that  of  a  non-equilibrium  boundary  layer  for  a  mass  flow  of  3  g/s. 

Fig.  6:  Variation  of  wall  shear  versus  distance  for  a  mass  flow  or  3  g/s.  The  case  shown 
liere  is  that  of  a  non-equilibrium  boundary  layer. 

Fig.  7:  Frozen  boundary  layer  growth  for  a  mass  flow  of  3  g/s.  In  this  case,  the  free 
stream  is  a  non-equilibrium  ionizing  flow. 

Fig.  8:  Heavy  particle  temperature  profiles  at  various  locations  downstream  from  the 
leading  edge  for  a  mass  flow  of  3  g/s.  The  case  shown  here  is  that  of  a  frozen  boundary  layer 
with  a  non-equilibrium  ionizing  free  stream. 

Fig.  9:  Variation  of  the  heavy  particle  wall  conductive  heal  flux  versus  distance  for  a  mass 

of  3  g/s.  The  case  shown  here  is  that  of  a  frozen  boundary  layer  with  a  non-equilibrium 
■  •ni.Mig  free  stream. 

F>g  10  Variation  of  the  wall  shear  versus  distance  for  a  mass  flow  of  3  g/s.  The  case 
*  •  <r  r,  that  of  a  chemically  frozen  boundary  layer  and  a  non-equilibrium  ionizing  free 


nii/ed  boundary  layer  growth  for  a  total  mass  flow  of  3  g/s.  The  case 
j  rulty  ionized  and  frozen  boundary  layer,  with  a  fully  ionized  and  frozen 
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free  stream. 


Fig..  12:  Profiles  of  the  heavy  particle  temperature  across  the  boundary  layer  at  various 
locations  downstream  from  the  leading  edge,  for  a  mass  flow  of  3  g/s.  The  case  shown  here  is 
that  of  a  fully  ionized  and  frozen  boundary  layer,  with  a  fully  ionized  and  frozen  free  stream. 

Fig.  13:  Variation  of  the  heavy  particle  wall  conductive  heat  flux  versus  distance,  for  a 
mass  flow  of  3  g/s.  The  case  shown  here  is  that  of  a  fully  ionized  and  frozen  boundary  layer, 
with  a  fully  ionized  and  frozen  free  stream. 

Fig.  14:  Variation  of  the  wall  shear  versus  distance,  for  a  mass  flow  of  3  g/s.  The  case 
shown  here  is  that  of  a  fully  ionized  and  frozen  boundary  layer,  with  a  fully  ionized  and  frozen 
free  stream. 
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ABSTRACT 


The  performance  of  Magnetoplasmadynamic  (  MPO  )  thrusters  has  been 
severely  limited  by  'onset'.  The  destructive  onset  phenomenon  refers  to  the 
abrupt  increase  in  voltage  oscillations  accompanied  by  severe  electrode 
erosion  which  occurs  at  a  critical  value  of  the  current  for  a  given  mass  flow 
rate.  This  research  is  aimed  at  explaining  and  quantifying  onset. 


The  steady,  one-dimensional,  self-field  flow  in  the  MPD  thruster  is  first 
analyzed  for  frozen  flow,  equilibrium  flow,  and  non-equilibrium  flow.  This 
quasi  one-dimensional  theory  explains  the  behaviour  of  efficiency  and  predicts 
a  new  mechanism  for  the  onset  phenomenon.  This  model  predicts  that 
smoothly  accelerating  supersonic  flow  can  exist  only  below  a  critical  current 
level  because  of  increasing  back-EMF.  This  limit  is  interpreted  as  onset  and 
correlates  with  the  experimentally  observed  J*//h  onset  parameter. 


In  order  to  quantify  electrode  erosion  rates,  the  electrode-adjacent 

boundary  layer  is  analyzed  using  the  results  of  the  quasi  one-dimensional 

theory.  The  free  stream  boundary  conditions  for  the  steady  boundary  layer 

flow  analysis  are  obtained  from  the  results  of  the  quasi  one-dimensional 

theory.  Since  the  electrode  wall  is  relatively  cold  compared  to  the  flow,  and 
since  relatively  fewer  collisions  are  required  for  the  heavier  particles  to 
equilibrate,  an  approximate  two  temperature  boundary  layer  theory  is 
developed.  The  two  temperature  compressible  non-equilibrium  ionization 
equations  ere  then,  solved  using  momentum  integral  and  energy  integral 
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methods.  Wall  shear  stress,  wall  heat  flux,  temperature,  density,  and 
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ionization  fraction  profiles  are  then  calculated.  These  results  of  the  two 
temperature  theory  may  then  be  used  to  estimate  rates  of  erosion  by 
evaporation  and  due  to  sputtering. 

The  major  accomplishments  of  this  thesis  include  the  development  of  a 
new  theory  that  for  the  first  time,  predicts  onset  due  to  an  excessive  back* 
EMF  at  high  currents,  the  establishment  of  the  importance  of  ionization  and 
recombination,  and  the  first  study  of  an  electrode-adjacent  boundary  layer  in 
MPD  flow. 


This  thesis  addresses  steady  flow  only.  Thus,  only  the  conditions 
leading  upto  onset  are  considered.  No  attempt  is  made  to  study  any 
phenomena  beyond  the  limit  of  onset.  Such  a  theory  would  have  to  take  into 
consideration  the  unsteady  nature  of  the  flow  beyond  onset.  However,  this 
research  provides,  the  basis  for  a  more  comprehensive  approach  to 
understanding  and  quantifying  the  phenomenon  of  onset  and  electrode  erosion 
in  MPD  thrusters.  Such  a  theory  may  prove  to  be  valuable  in  the  design  and 
perhaps  future  design  of  MPD  thrusters. 
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NOMENCLATURE 

a*  Acoustic  speed  of  sound 
a*  *  Acoustic  speed  of  sound  at  the  sonic  point 
A *  Cross  sectional  channel  area 
A\*W/H*  .  Aspect  ratio 
B *  Magnetic  field 

B'  *  Magnetic  field  at  the  sonic  point 
B Magnetic  field  at  the  inlet,  x«0 
CQ«  Drag  coefficient 

C#  ■  Mean  thermal  speed  of  electrons  at  the  sheath-boundary  layer  edge 

<CH>  ■  Mean  thermal  speed  of  the  heavy  particles 

C  «  Mean  thermal  speed  of  ions  at  the  sheath-boundary  layer  edge 

CM»5Ar/2mA-  Specific  heat  at  constant  pressure 

Cy  *  Specific  heat  at  constant  volume 

D *  ■  Electron  diffusion  coefficient 

D'  «  Ion  diffusion  coefficient 

D  1  *  Ion  diffusion  coefficient  evaluated  at  the  wall 

w 

Dh  *  Hydraulic  diameter 

e  ■  Electronic  charge 

e|m  *  Specific  internal  energy 

*  Specific  internal  energy  at  cutoff  temperature,  T  *  Tt 
E  *  Electric  field 

E  ■  Electric  field  at  the  wall,  evaluated  from  overall  current  conservation 
F  »  pu  *  Mass  flux 
F  •  Helmholtz  free  energy 
H «  Interelectrode  distance 


Hm  «  Total  enthalpy 
h ■  Specific  enthalpy 
/>'  *  Specific  enthalpy  at  the  sonic  point 
■  Effective  heat  transfer  coefficient 
ft  *  Electron  enthalpy 

fttrr  *  Heat  transfer  coefficient  between  cathode  and  external  coolant 

/’  ■  Ionization  thickness 

./ *  Total  current 

j  *  Current  density 

/*  *  Current  density  at  the  sonic  point 

•j  w  «  Free  stream  current  density 

y  ■  Current  density  due  to  thermionic  emission 

k  *  Boltzmann's  constant 

A:  *  Recombination  rate  constant 

b 

k f  *  Ionization  rate  constant 

Kv  KJt  *  Equilibrium  constants  for  first,  second,  and  third  ionization- 

recombination  reactions 

L  *  Thruster  length 

I.*  *  Mean  free  path  of  the  electron 

IAH  *  Mean  free  path  for  neutral  atom  colliding  with  other  heavy  particles 
L)H  *  Mean  free  path  for  ion  colliding  with  other  heavy  particles 
M  *  u/a  ■  Mach  number 
rh  ■  Mass  flow  rate 
mA  ■  Atomic  mass 
m  *  Mass  of  electron 

n  *  Electron  or  ion  number  density  at  the  sheath-boundary  layer  edge 
nA  »  Neutral  atom  number  density 
n  ■  Electron  number  density 
n  ■  Electron  number  density  at  the  wall 
«  n(  ■  Single  ion  number  density 
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n ^  *  Double  ion  number  density 
*  Triple  ion  number  density 

/)  ■  Net  production  rate  of  ions  by  inelastic  collisions 

no  *  Total  number  density  of  heavy  particles 
P  ■  Pressure 

P*  *  Pressure  at  the  sonic  point 

0AA  *  Total  momentum  transfer  atom-atom  cross  section 

O  *  Total  momentum  transfer  electron-atom  cross  section 

•  • 

O  =  Total  momentum  transfer  electron-ion  cross  section 

9t 

0  *  Total  momentum  transfer  ion-atom  cross  section 

i  A 

O  *  Total  momentum  transfer  ion-ion  cross  section 
1 1 

<7h  *  Heavy  particle  conductive  heat  flux 

qwHm  Heavy  particle  conductive  heat  flux  at  the  wall 

5  *  Entropy 

S'  ■  Magnetic  force  number  at  the  sonic  point 
T  *  Temperature 

V  *  Temperature  at  the  sonic  point 

T  *  Cutoff  temperature  in  the  piecewise  linear  model 

T '  *  Electron  temperature 

T  *  Effective  cathode  surface  temperature 

Th  *  Heavy  particle  temperature 

7"h  *  Total  thrust  at  the  exit,  x  *  L 

Tt  *  Wall  slip  temperature,  in  general  *  T w 

T  ■  Wall  or  electrode  temperature 

T  «  Free  stream  temperature 

(/  ■  Component  of  local  average  plasma  velocity  in  x  direction 
U  *  Internal  energy 

</  *  Local  average  plasma  velocity  vector 
t/  ■  Inlet  flow  speed 

u%*  x  component  of  slip  velocity  at  the  wall,  in  general  #  0 


v  *  Component  of  local  average  plasma  velocity  in  y  direction 

V  «  Voltage  drop  across  the  thruster 
Vc  *  Cathode  sheath  voltage  drop 

V  *  y  component  of  electron  diffusion  velocity 
V.  *  y  component  of  ion  diffusion  velocity 

V  *  y  component  of  the  ion  diffusion  velocity  at  the  wall 

V  *  Sum  of  the  sheath  voltage  drops 

W  *  Width  of  the  electrode  transverse  to  the  flow 
x  ■  Axial  coordinate  in  direction  of  flow 
x*  *  Position  of  the  sonic  point 


x  ,  x  11  ■  Sonine  coefficients 

o  o 
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V  * 
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A  • 

y  *  Transverse  coordinate  perpendicular  to  the  flow 

ZA,  Z9.  Zt.  Z^.  Z„A4  *  Total  partition  functions  of  neutral  atom,  electron,  single 
ion,  double  ion.  and  triple  ion 
a  *  Ionization  fraction 
a  ■  Ionization  fraction  at  the  wall 
a’  *  Ionization  fraction  at  the  sonic  point 
r  ■  Evaporative  mass  flux 
A*  Transformed  boundary  layer  thickness 
Boundary  layer  thickness 
*.«  First  ionization  energy 
ij  *  Overall  performance  efficiency 
t)H *  Heavy  particle  dynamic  viscosity 
ij  *  Ion  dynamic  viscosity 


©  *  Momentum  thickness 


B/BT 


A  *  Specific  heat  of  sublimation  of  cathode 


mm 


ivvvyyjvjvuvj 


■ Vi 


XH«  Heavy  particle  heat  conductivity 
fi0  •  Permeability  of  free  space 

<V#M>  ■  Energy-weighted  average  momentum  transfer  elastic  collision 
frequency 

(  ■  Howarth-Dorodnitsyn  transform  variable 
p  ■  Mass  density 

p'  ■  Mass  density  at  the  sonic  point 
<r  ■  Electrical  conductivity 

<re  *  Electrical  conductivity  due  to  electron-ion  collisions 
<rn  *  Electrical  conductivity  due  to  electron-neutral  collisions 
tr..  *  Stefan-Boltzmann  constant 

a'  ■  Electrical  conductivity  evaluated  at  the  sonic  point 
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CHAPTER  1 
INTRODUCTION 

Space  missions  require  fuel  efficient  thrusters  in  order  to  transport 
greater  amounts  of  payload.  Therefore,  given  a  particular  thrust  level 
T  *  if>  u  ,  it  is  desirable  to  maximize  the  exit  speed  so  that  the  mass  flow 

•  xit 

rate  (i.e.  fuel  consumption)  is  minimized.  Magnetoplasmadynamic  (MPD) 
thrusters  use  electric  and  magnetic  fields  to  accelerate  a  plasma  to  high 
speeds.  MPD  thrusters,  as  distinguished  from  other  electric  propulsion 
devices,  derive  most  of  their  thrust  from  /  X  B  body  forces  in  a  steady 
flow1.  The  magnetic  field  may  be  externally  applied  as  in  some  early  work 
on  the  subject2,  3 •  4.  During  the  past  ten  years,  work  has  concentrated  on  self¬ 
field  thrusters.  Operating  at  current  levels  of  tens  of  kiloamps,  self-field  MPD 
thrusters  have  experimentally  demonstrated  exhaust  speeds  of  15000  to  40000 
m/s  and  thrusts  of  the  order  of  100  Newtons.  By  contrast,  the  most  exotic 
chemical  propellants  provide  maximum  exit  speeds  of  about  6000  m/s.  This 
fuel  efficiency  is  the  primary  advantage  that  MPD  thrusters  have  over 
conventional  chemical  thrusters.  This  thesis  studies  self-field  thrusters. 

MPD  thrusters  have  been  shown  to  achieve  efficiencies  of  -v50%,  but  are 
limited  by  a  destructive  phenomenon  known  as  'onset*.  This  thesis 
theoretically  examines  the  plasma  flow  in  a  one-dimensional  self-field  thruster. 
The  behaviour  of  efficiency  and  its  relationship  to  onset  are  considered.  This 
theory  predicts  a  new  mechanism  of  onset  related  to  the  back-EMF.  In  this 
theory,  onset  appears  as  a  conflict  between  the  electric  field  required  for 
magnetogasdynamic  choking  and  the  electric  field  necessary  to  draw  all  the 
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applied  current.  For  a  given  mass  flow  and  geometry,  it  is  experimentally 


known  that  efficiency  increases  rapidly  as  the  current  increases.  This  increase 


is  limited  by  the  rapid  erosion  which  begins  to  occur  at  some  current  level. 


This  limit,  also  typically  associated  with  voltage  oscillations,  is  known  as 


'onset’.  For  a  given  geometry  and  varying  mass  flow,  this  limit  correlates 


with  J7/rh  where  J  is  the  total  current  and  rh  is  the  mass  flow.  This  limit 


has  been  observed  to  vary  with  geometry*'  *  but  this  variation  is  not 


understood. 


Equilibrium  flow  in  an  MPD  thruster  has  been  modeled  by  King  et  a/.7 


They  assume  a  one-dimensional,  local  equilibrium,  continuum,  flow  with  a 


uniform  and  constant  electric  field.  The  fluid  enters  the  thruster  at  a  slow 


speed  and  low  temperature,  whereupon  the  speed  increases  to  sonic  primarily 


due  to  ohmic  heating.  The  fluid  is  then  accelerated  to  supersonic  speeds 


primarily  by  the  magnetic  body  force.  The  electric  field  is  determined  by  the 


choking  condition  that  permits  a  transition  from  subsonic  to  supersonic 
speeds.  In  this  thesis,  the  model  of  King  ef  a/.7  will  be  considered  for  frozen 


and  nonequilibrium  flow.  In  a  non-intuitive  result,  it  will  be  found  that  the 


electric  field  required  by  the  choking  condition  can  be  insufficient  to  draw  all 


the  applied  current.  This  occurs  at  high  values  of  J1  / th  and  is  interpreted  as 


onset. 


Among  the  contributions  of  this  thesis  to  the  understanding  and 


quantification  of  onset  are: 


•  The  first  non-equillbrlum  self-field  MPD  theory  to  predict  onset  due  to 
an  excessive  back-EMF  at  high  currents  has  been  developed 


•  For  the  first  time,  the  electrode-adjacent  boundary  layer  In  MPD  flow 
has  been  studied 


•  The  Importance  of  non-equillbrlum  Ionization  in  controlling  the 
appearance  of  back-EMF  onset,  and  In  determining  boundary  layer 
growth  has  been  established 
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•  The  Howarth-Dorodnitsyn  transformation  in  conjunction  with  the 
momentum  integral  method,  has  been  applied  successfully  for  the  first 
time  in  the  case  of  a  two-temperature,  non-equilibrium,  plasma 
boundary  layer.  The  approximate  solution  has  been  used  to  compute 
the  wall  shear  and  the  wall  heat  flux. 


Several  previous  explanations  for  onset  have  been  advanced.  In  addition 
to  the  back-EMF  theory  presented  herein,  there  are  two  other  approaches.  One 
deals  with  anode  mass  starvation  and  the  second  with  current  channel 
instability.  Each  will  be  reviewed. 

The  first  approach,  anode  mass  starvation,  was  first  analyzed  by  Baksht 
et  at.*  Because  of  flow  acceleration  and  the  Hall  effect,  they  predicted  that 
the  plasma  density  near  the  downstream  portion  of  the  anode  would  decline 
as  total  current  increased.  Consequently  as  current  increases,  the  anode 
sheath  voltage  will  eventually  shift  signs,  from  electron-retaining  to  ion- 
retaining  polarities.  Baksht  et  at.  took  this  sign  change  as  their  onset 
criterion*.  This  work  has  been  refined  by  Heimerdinger.*  Korsun  considered  a 
similar  mass  starvation  effect  in  a  two-dimensional  model10.  The  anode  mass 
starvation  hypothesis  has  experimental  support  from  Hugel.11  The  reason  why 
a  change  in  sign  of  the  anode  sheath  voltage  should  cause  onset  is  not  clear 
because  many  discharges  operate  in  steady  state  with  anode  sheaths  of  both 
signs.  Two  hypotheses  exist:  (i)  Kuriki  and  Onishi1*  suggest  that,  when  the 
anode  fall  is  positive,  ions  accelerated  in  the  sheath  may  produce  sputtering, 
and  (ii)  Shubin13  has  found  that  anode  mass  starvation  is  associated  not  just 
with  anode  sheath  reversal  but  also  with  plasma  instabilities  and  has 
suggested  that  these  may  cause  onset. 


The  second  approach  to  onset  is  being  developed  by  Schrade  et  at.'4 
They  analyze  the  stability  of  current  tubes  to  fluctuations  In  the  magnetic 
field  distribution.  This  is  a  volume  rather  than  an  electrode  phenomenon. 
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The  back-EMF  theory  presented  herein  differs  fundamentally  from  these 
other  two  approaches.  For  one,  the  injection  of  a  small  amount  of  mass  near 
the  downstream  end  of  the  anode  would  have  a  major  effect  on  the  onset 
predictions  of  the  anode  mass  starvation  theories*-  *•  10-  13  but  no  effect  on  the 
back-EMF  mechanism.  A  fundamental  difference  between  the  back-EMF  limit 
and  the  instability  theories13-  14  is  that  the  former  appears  in  a  steady-state 
model.  Further,  the  magneto-gas-dynamic  choking  condition  plays  an  essential 
role  in  the  back-EMF  mechanism  but  not  in  the  other  two.  These  differences 
indicate  that  the  physical  mechanisms  for  these  approaches  are  different.  It  is 
not  yet  known  which  mechanism  occurs  first  under  which  experimental 
conditions. 


The  most  detailed  experimental  data  on  plasma  flow  conditions  at  onset 
are  due  to  Barnett.15  These  experiments  were  conducted  in  what  has  become 
known  as  the  "benchmark"  thruster  which  is  characterized  by  a  lip  on  the 
anode  which  protrudes  into  the  flow  channel  (see  Fig.l)  .  His  experiments 
found  instabilities  associated  with  low  density  regions.  Unlike  Baksht  et  a/.’s 
theory,*  the  low  density  region  was  not  necessarily  near  the  anode.  These 
results  have  not  yet  been  repeated  in  a  thruster  with  a  smoothly  shaped  flow 
channel. 


The  complexity  of  this  problem  has  prompted  the  use  of  some 
simplifying  assumptions.  Baksht  et  a/.*,  Shubin13,  and  Martinez  et  a/.16  have 
used  the  isothermal  assumption.  Shubin13  and  Martinez  et  a/.1*  have  used  the 
infinite  magnetic  Reynolds  number  assumption.  Neither  approximation  is  used 
herein.  However,  the  Hall  effect,  which  was  partially  included  in  the  above 
models,  will  be  neglected  herein.  This  work,  an  extension  of  King  et  a/.7,  uses 
conservation  of  mass,  momentum,  and  energy  for  a  one-dimensional  plasma 
flow.  Unlike  King  et  a/.7  who  assume  equilibrium  thermodynamics,  this  work 
will  also  consider  frozen-flow  and  non-equilibrium  models.  The  choking 
condition  is  found  to  be  strongly  affected  by  these  assumptions. 
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The  approach  to  understanding  and  quantifying  the  phenomenon  of  onset 
in  this  thesis,  is  in  two  phases.  The  first  phase  is  devoted  to  the 
development  of  a  quasi  one-dimensional  theory  that  explains  the  behaviour  of 
efficiency  and  predicts  a  new  mechanism  for  onset.  This  is  described  in 
chapters  2  and  3. 

The  second  phase  is  devoted  to  the  development  of  a  boundary  layer 
theory  that  will  enable  calculation  of  erosion  rates  at  onset.  This  is  described 
in  chapter  4.  This  two  temperature  non-equilibrium  ionization  boundary  layer 
theory  is  developed  in  Sec.  4.2.  The  free  stream  conditions  for  the  boundary 
layer  analysis  are  obtained  from  the  quasi  one-  dimensional  theory  developed 
in  Sec.  3.5.  A  two  temperature  fluid  model  is  used  because  of  two  reasons. 
Firstly,  the  presence  of  a  relatively  cold  electrode  and  the  relatively  fewer 
number  of  collisions  required  for  the  heavier  particles  to  equilibrate  would 
cause  the  heavier  particles  (ions  and  neutrals)  to  have  a  temperature  different 
from  the  lighter  particles  (electrons).  Secondly,  the  Prendtl  number  for  the 
heavy  particles  is  %  1  and  constant  throughout  the  boundary  layer.  This 
would  no»  be  the  case  if  a  one  temperature  approach  were  taken  for  the 
combined  fluid  consisting  of  ions,  neutrals,  and  electrons.  Next,  the  boundary 
layer  equations  are  solved  approximately  by  using  momentum  integral  and 
energy  integral  methods.  This  is  discussed  in  Sec.4.3,  and  the  results  are 
given  in  Sec.4.4.  A  discussion  of  the  cathode  sheath  is  given  in  Sec.4.5.  In 
this  section,  a  description  of  how  the  boundary  layer  theory  of  Sec.4.2  may 
be  used  in  calculating  erosion  rates  by  evaporation,  is  given.  Finally,  the 
results  of  this  two  step  approach  are  summarized  in  chapter  5  along  with  the 
conclusions  and  recommendations  for  future  work. 
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CHAPTER  2 


QUASI  1-D  FROZEN  MPD  CHANNEL  FLOW 


2.1.  INTRODUCTION 


The  back-EMF  onset  theory  has  its  beginings  in  the  frozen  flow  theory 
that  will  be  discussed  in  this  chapter.  Frozen  flow  refers  to  flow  of  a  fixed 
chemical  composition,  such  as  fully  ionized  flow  .  The  governing  equations 
of  a  steady,  one-dimensional,  constant  area,  frozen  MPD  channel  flow  will  be 
discussed  in  section  2.  and  magnetogasdynamic  choking  will  be  found  in 
section  3.  The  solution  of  the  frozen  flow  equations  is  derived  in  section  4. 
The  culmination  of  this  chapter  is  section  5  which  uses  the  results  of  the 
frozen  flow  model  to  find  a  new  mechanism  for  onset. 


2.2.  GOVERNING  EQUATIONS 


A  steady,  one-dimensional,  constant-area  MPD  channel  flow  will  be 
considered.  The  geometry  is  as  shown  in  Fig.2.  Viscous  effects.  Hall  effects, 
and  heat  transfer  will  be  neglected.  The  governing  equations  can  be  written: 


pu  m  F  *  constant 


(2.2.1) 


momentum: 


dP  +  Fdu  ■  JBdx 


(2.2.2) 


energy: 


Fdh  +  Fudu  *  JEdx 
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(2.2.3) 


state: 

h  -  /?</>,/>) 

Ohm's  law: 

j  •  er  (E  ~  uB\ 
Ampere's  law: 


(2.2.4) 


(2.2.5) 


dB 

~m~  Fj 


dx 


(2.2.6) 


§ 

• 

These  can  be  understood  a 

the 

inclusion  of  ohmic  heating  i 

V 

y 

in 

the  momentum  (2.2.2).17  The 

as 

well  as  ideal  gases.  It  will 

£ 

3.2 

and  Sec.  3.5. 

First  integrals  can  be  found  for  both  the  momentum  and  energy 
equations.  Using  Ampere’s  lew,  (2.2.6),  momentum  conservation,  (2.2.2),  and 
energy  conservation,  (2.2.3),  become: 


Momentum: 


P  *  Fu  + -  ■  constant 


(2.2.7) 


Energy: 


Fu 7  EB 

Fh  +  —  +  —  «  constant 
2  F0 


(2.2.8) 


To  complete  the  problem  description,  boundary  conditions  are  needed  at 
the  channel  inlet,  x"0,  and  exit,  x«L  At  x»£,  we  require  5*0.  At  the  inlet, 


1 
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x-0,  the  flow  speed  is  specified,  t/*u|n  -  The  inlet  flow  speed,  u (  ,  is  very 
small  and,  for  present  purposes,  it  may  be  taken  as  approximately  zero.  The 
value  of  the  magnetic  field  at  the  inlet,  ,  is  determined  by  the 
experimentally  specified  total  current,  J,  by  Ampere's  law: 

B~HoJ/W  (2.2.9) 

The  mass  flux,  F,  is  related  to  the  total  mass  flow,  th.  by: 

F*m/(HW)  (2.2.10) 

The  performance  of  the  MPD  thruster  can  be  characterized  by  efficiency. 
Two  efficiencies  will  be  defined.  Although  the  definitions  are  different,  they 
agree  closely  over  the  range  of  MPD  operation.  The  first,  inspired  by 
thermodynamics,  is  the  Lorentz  efficiency  which  is  defined  as  the  ratio  of  the 
work  done  by  the  electromagnetic  force  to  the  total  electrical  power  in7: 

L 

^  jBu  dx 

if-- -  (2.2.11) 

i 

0 

When  the  integrand  in  (2.2.11)  is  rearranged,  the  Lorentz  efficiency  is  seen  to 
be  the  weighted  average  over  the  power,  of  the  ratio  of  the  back-EMF  to  the 
electric  field: 


(2.2.12) 


or. 
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uB 

<  —  > 


(2.2.13) 


It  is  then  evident  from  (2.2.13)  that  for  efficient  thruster  operation,  it  is 
necessary  to  operate  in  a  regime  where  the  back-EMF  is  comparable  to  the 
electric  field.  This  means  that  the  back-EMF  onset  mechanism,  to  be 
discussed  in  Sec.  2.5,  is  expected  to  be  important  in  efficient  thrusters. 

The  second  type  of  efficiency  to  be  defined  is  conventionally  used  to 
define  overall  propulsion  system  performance: 


T7  /2m 


(2.2.14) 


where  7\  *  {mu  +  PHW)  I  is  the  total  thrust.  For  a  planar  channel,  V^EH+V-  . 

h  ■  5 

where  V %  is  the  sum  of  the  sheath  voltage  drops.  q  differs  from  ^  by 
including  the  thrust  due  to  pressure.  For  the  normal  operating  regime  of  MPD 
thrusters,  as  opposed  to  electrothermal  thrusters,  the  pressure  component  of 
thrust  is  small  and  the  two  efficiencies  agree  closely,  as  will  be  shown  in 
Sec.  2.4. 


The  governing  equations  described  in  this  section  can  be  solved  to 
determine  the  electrical  characteristics  and  efficiency  of  the  thruster.  This 
will  be  done  in  the  following  sections. 


2.3.  MAGNETOGASDYNAMIC  CHOKING 

The  combined  action  of  ohmic  heating  and  Lorentz  body  force  can  cause 
a  flow  in  a  constant-area  channel  to  accelerate  from  subsonic  to  supersonic. 
Since  both  of  these  effects  are  large  in  the  MPD  thruster,  variation  in  the 
channel  cross-sectional  area  may  be  unimportant  even  if  it  is  present.  This 
section  will  develop  the  condition  for  this  choking  to  occur  In  the  self-field 
flow  of  a  non-ideal  gas  obeying  equation  of  state  (2.2.4). 
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Rewriting  (2.2.1)  and  (2.2.4)  in  differential  form,  combining  with  (2.2.2)  and 

( 2.2.3 )  to  eliminate  dp  and  dp,  using  (2.2.5)  to  eliminate  /,  and  solving  for  the 
velocity  gradient  yields: 


udx  MJ-1  ,  Bh  >  '  foBP  r  H0PU'  dx 


where  a  is  given  by’ 


Bp  f 


(2.3.2) 


For  the  special  case  of  an  ideal  gas,  (2.3.2)  reduces  to  the  conventional 
expression. 


It  is  seen  that  (2.3.1)  is  singular  at  Af=1.  For  continuous  acceleration 


through  M*1,  it  is  required  that: 


E  -  p'a'B'  —  I  . 


(2.3.3) 


where  the  asterisks  represent  quantities  evaluated  at  the  sonic  point,  M=  1. 

(2.3.3)  is  the  choking  condition.  It  relates  the  electric  field,  E,  to  the  back- 
EMF  at  the  choking  point,  a'B'.  This  will  play  a  central  role  in  the  prediction 
of  back-EMF  induced  onset  to  be  discussed  in  Sec.  2.5. 


(2.3.3)  can  be  interpreted  in  terms  of  classical  gas  dynamics.  Ohmic 
heating  tends  to  drive  a  gas  toward  M*  1  and  the  magnetic  body  force  tends 
to  drive  the  flow  away  from  I.’7  (2.3.3)  determines  the  electric  field 


necessary  to  provide  the  right  amount  of  ohmic  heating  to  drive  the  flow  just 
to  Af*  1  where  the  body  force  can  accelerate  it  to  supersonic  speeds. 


This  choking  condition  has  been  previously  studied  for  the  special  case 
of  an  ideal  gas.  Resler  and  Sears1®1  20  considered  such  choking  for  an  applied- 
field  calorically-perfect  flow.  King  et  a/.7  studied  choking  in  self-field  flow 
for  the  special  case  of  a  gas  obeying  the  equation  of  state  h=MP/ p).  The 
case  of  a  self-field  calorically-perfect  flow  will  be  considered  in  the  next 
section.  The  more  general  case  of  self-field  choking  in  a  non-ideal  gas  will 
be  addressed  in  Sec.  3.3  and  Sec.  3.5. 


2.4.  FROZEN  FLOW 


The  concept  of  back-EMF  onset  is  most  easily  understood  in  the  special 
case  of  a  constant-composition  (frozen)  calorically  perfect  plasma.  In  this 
section,  the  solution  for  the  flow  profiles  for  frozen  flow  will  be  presented. 
It  will  be  found  that  the  flow  in  this  case  is  characterized  by  a  single  non- 
dimensional  parameter.  This  parameter.  S',  the  magnetic  force  number,  is 
closely  related  to  the  experimental  onset  parameter,  J7/th. 


The  flow  of  a  fully  ionized  one-temperature  plasma  will  be  modeled. 
Because  ionization  and  recombination  will  not  be  considered  in  this  section, 
this  will  be  called  the  frozen  flow  model.  With  electronic  excitation 
neglected,  this  assumption  of  a  fully  ionized  flow  permits  a  simple  expression 
for  enthalpy: 


mA  mA 


2P  mA 


Substituting  this  frozen  flow  enthalpy  into  the  choking  condition,  (2.3.3),  gives: 
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(2.4.2) 


This  choking  condition  determines  the  electric  field  and  defines  the  operating 
region. 


To  obtain  an  analytic  solution,  the  conservation  equations  for  mass 
(2.2.1),  momentum  (2.2.7),  and  energy  (2.2.8)  may  be  rewritten  for  frozen  flow 
in  terms  of  the  sonic  quantities: 


pu*  F  «  p'a’ 


P  +  Fu  + - «  P'  ♦  F a*  + - 

2F0  2P0 

u 2  EB  a*1  EB‘ 

Fh  +  F  —  +  —  ■  Fh"  *  F  —  +  — 
2  P0  2  P0 


(2.4.3) 


(2.4.4) 


(2.4.5) 


Combining  (2.4.1)  through  (2.4.5),  the  following  quadratic  equation  for  u  is 
obtained: 


(2.4.6) 


where: 


(2.4.7) 
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The  two  solutions  to  quadratic  (2.4.6)  may  be  readily  written  in  terms  of  B  and 
the  sonic  quantities: 
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where: 
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The  upper  sign  in  (2.4.8)  represents  the  solution  for  supersonic  flow  and  the 
lower  sign  is  for  subsonic  flow.  (2.4.8)  shows  that  u/a'  is  a  function  of  B/B' 
with  S'  as  a  parameter.  Combining  (2.4.8)  with  (2.4.3),  p  can  be  found: 
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(2.4.9) 


(2.4.9)  determines  />//>*  as  a  function  of  B/B'  with  S'  as  a  parameter. 
Combining  (2.4.8)  with  (2.4.4),  P  can  be  found: 


(2.4.10)  determines  P/Fa'  as  a  function  of  B/B'  with  S*  as  a  parameter.  The 
relationship  between  B  and  position  x  can  be  found  by  combining  (2.2.5), 
(2.2.6),  and  (2.4.2): 


dB  ,5  x 

-M-po,(-aB  -uB) 


(2.4.11) 


From  (2.4.8)  through  (2.4.10),  it  is  seen  that  S',  defined  by  (2.4.7),  is  a  very 
important  parameter.  S*  is  the  magnetic  force  number11  evaluated  at  the 
choking  point.  5*  displays  the  relative  importance  of  magnetic  pressure  and 
gas  dynamic  kinetic  energy  density: 


choking  point,  as  a  parameter.  The  solution  was  found  assuming  a  fully- 
ionized  compositionally-frozen  flow.  Approximations  such  as  isothermal  flow 
or  infinite  magnetic  Reynolds  number  have  not  been  made.  The  next  section 
will  show  how  this  solution  predicts  a  new  mechanism  of  onset.  Sec.  3.5  will 
discuss  how  the  solution  is  affected  by  ionization  rates. 

2.5.  A  THEORY  OF  ONSET 

This  section  will  explain  how  the  simple  model  of  the  previous  section 
predicts  onset.  Onset  appears  as  a  limitation  on  the  values  S',  as  defined  in 
(2.4.7)  or  (2.4.12),  may  assume  in  the  supersonic  mode.  This  limit  is  a 
consequence  of  combining  Ohm's  law  with  the  flow  solutions.  The  behavior 
of  the  back-EMF  will  be  considered  first.  The  effect  of  back-EMF  on  Ohm’s 
law  will  then  be  considered  from  mathematical  and  physical  viewpoints. 

The  behavior  of  the  back-EMF,  uB.  will  be  considered  first.  Near  the 
inlet,  the  flow  speed  u  is  very  small  so  that  uB  is  small.  Near  the  exit,  uB  is 
small  again  because  B-* 0.  Somewhere  near  the  middle  of  the  thruster,  the 
back-EMF,  uB,  peaks.  This  is  shown  in  Fig.6  for  various  values  of  S’. 

An  important  relationship  between  £,  and  the  back-EMF,  uB,  can  be  found 
from  considering  Ohm's  law.  Combining  Ohm’s  law,  (2.2.5),  with  Ampere's  law, 
(2.2.6).  and  integrating  yields: 
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dB 


u  a(E  -  uB ) 

*  O 


(2.5.1) 


The  relationship  between  u  and  B  is  given  by  (2.4.8).  For  frozen  flow,  E  is 
given  by  the  choking  condition,  (2.4.2).  This  is  also  plotted  in  Fig.6.  From 
Fig.6,  it  is  seen  that  as  S*  increases  from  7.0  to  8.5,  the  peak  back-EMF 
approaches  the  electric  field.  This  tends  to  make  the  denominator  in  (2.5.1) 
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small.  As  the  peak  back-EMF  reaches  the  electric  field,  the  integral  indicates 
that  an  infinite  length  thruster  is  necessary.  This  occurs  at  S**8.52.  For 
higher  S',  E-uB  changes  sign  twice  during  the  integral  which  is  hence  singular 
and  meaningless. 


The  physical  significance  of  this  limit  can  be  found  by  returning  to  the 
governing  equations,  (2.2.1)  to  (2.2.6).  If,  at  some  location  in  the  thruster, 
E*uB  then  from  Ohm's  law,  (2.2.5),  no  current  flows.  If  no  current  flows,  no 
magnetic  force  acts  on  the  plasma,  see  (2.2.7),  and  no  ohmic  heating  occurs, 
see  (2.2.6).  Consequently,  the  plasma  flows  at  constant  speed  and 
temperature.  Further,  if  no  current  flows,  the  magnetic  field  is  constant,  see 
(2.2.6).  All  this  implies  that  if  EmuB  somewhere  in  the  channel,  then  it  will  be 
true  that  E*uB  at  all  points  downstream.  If  this  is  true,  the  boundary 
condition  of  B*0  at  x»L  cannot  be  met  no  matter  how  long  the  thruster. 
Thus,  it  is  necessary  that  uB<E  for  all  locations  within  the  channel. 


The  limit  of  uB<E  for  the  analogous  case  of  plasma  accelerators  with 
applied  magnetic  fields  is  well-known.  It  was  first  studied  by  Resler  and 
Sears1*-  20  and  has  since  appeared  in  textbooks.21-  22 


This  value  of  S' ■  8.52  at  which  EmuB  can  therefore  be  considered  as  the 
onset  limit,  indicating  a  regime  of  operation  beyond  which  the  flow  can  no 
longer  be  supersonic.  Using  (2.4.13),  this  limit  can  be  restated  dimensionally: 


J7  A\a' 

—  £  8.52 - 


(2.5.2) 
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(2.5.2)  correlates  the  experimental  data  of  Malliaris  et  al *  very  well.  This  is 
shown  in  Fig.7.  This  success  does  not  prove  the  existence  of  back-EMF  onset, 
however,  because  the  scaling  laws  for  anode  mass  starvation  onset*  *  are 
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The  reason  why  back-EMF  should  rise  faster  than  the  electric  field  can 
be  explained  with  some  scaling  behavior.  From  Ampere's  law  (2.2.6),  B  scales 
directly  with  J.  From  the  choking  condition  (2.3.3),  £  scales  roughly  with  J,  and 
from  conservation  of  momentum  (2.2.2),  u  scales  roughly  with  j’/rti.  Thus,  as 
one  increases  the  current,  the  back-EMF,  which  scales  as  J3/rfi,  increases 
faster  than  £,  which  scales  as  J.  and  thereby  leads  ultimately  to  current 
blocking. 


This  research  does  not  attempt  to  establish  the  flow  conditions  after 
onset  has  occurred.  For  S*>8.52,  the  smoothly  accelerating  supersonic  solution 
discussed  in  Sec.  2.4  is  not  possible.  Thus,  some  largely  subsonic  flow  is 
expected.  A  subsonic  flow  would,  by  energy  conservation  (2.2.8),  likely  have  a 
higher  temperature.  Thus  higher  erosion  rates  by  evaporation  as  well  as  by 
sputtering  are  expected. 


Back-EMF  onset  also  affects  the  efficiency.  It  was  shown  earlier  in 
(2.2.12)  and  (2.2.13)  that  for  thruster  operation  with  a  high  Lorentz  efficiency,  it 
is  necessary  to  operate  in  a  regime  with  a  high  average  value  of  uB/E.  Since 
back-EMF  onset  restricts  the  peak  value  of  uB/E  to  one,  its  average  must  be 
much  less  (see  Fig.6).  Thus,  back-EMF  onset  restricts  the  efficiency  as  well  as 
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CHAPTER  3 

QUASI  1-D  EQUILIBRIUM  AND 
NON-EQUILIBRIUM  FLOWS 


3.1.  INTRODUCTION 

In  the  previous  chapter,  the  frozen  flow  theory  was  described  which 
culminated  in  a  new  mechanism  for  onset  known  as  back-EMF  onset.  The 
effect  of  non-zero  ionization  rates  on  back-EMF  onset  will  be  investigated  in 
this  chapter.  The  governing  equations  for  equilibrium  and  non-equilibrium 
flows  will  be  discussed  in  Sec.  3.2.  and  the  effect  of  non-zero  ionization  rates 
on  magnetogasdynamic  choking  will  be  analyzed  in  Sec.  3.3.  The  equilibrium 
model  of  King  et  al.7  will  be  discussed  using  a  simpler,  piecewise  linear  model 
in  Sec.  3.4.  This  simplification  to  the  equilibrium  relationship  between 
enthalpy,  A  and  temperature,  T  is  made  in  order  to  explain  why  back-EMF 
onset  was  not  observed  In  the  numerical  results  of  King  et  al.1  .  Although 
this  piecewise  linear  model  is  a  somewhat  drastic  approximation  to  their 
equilibrium  flow  theory.  It  preserves  the  necessary  physics  and  enables  a 
qualitative  understanding  of  quasi  1-0  equilibrium  flow.  Next,  non-equilibrium 
flow  is  discussed  in  Sec.  3.5  and  comparisons  with  the  experiments  of  King  et 
a).7  are  given  in  Sec.  3.6.  The  effects  of  wall  friction  and  bulk  heat  transfer 
on  the  magnetogasdynamic  choking  of  quasi-ID  non-equilibrium  flow  is 
discussed  in  Sec.  3.7.  Finally,  a  summary  of  quasi  1-0  flow  under  the 
assumptions  of  frozen,  equilibrium,  and  non-equilibrium  flows  Is  given  in  Sec. 
3.8. 
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3.2.  GOVERNING  EQUATIONS 

The  governing  equations  of  quasi  1-D  flow  under  the  assumptions  of 


negligible  viscous  effects.  Hall  effects,  and  heat  transfer  have  been  previously 
described  in  Sec.  2.2.  The  only  difference  in  the  equilibrium  and  non¬ 
equilibrium  cases  is  that  the  equation  of  state  (2.2.4)  is  modified.  Thus,  the 
conservation  equations  may  be  rewritten  as  follows: 


mass: 


pu  *  F  ■  constant 


(3.2.1) 


Momentum: 


P  +  Fu  + -  •  constant 


(3.2.2) 


Energy: 


Fu3  €B 

Fh  ♦  —  ♦  —  ■  constant 
2  Fo 


(3.2.3) 


state: 


h  «  h  (P.p.a)  for  non- equilibrium 


h  •  h(P.p)  for  equilibrium 


(3.2.4) 


(3.2.5) 


Ohm's  law: 


/  *  a  (  E  -  uB) 


where  a  is  obtained  from: 
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(3.2.6) 


where  a  is  the  conductivity  due  to  electron-neutral  collisions  and  a  is  the 
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coulomb  portion  of  the  conductivity.  The  expressions  for  at  end  <rn  have  been 
summarized  by  King”.  Ampere's  law: 


dB 


(3.2.71 


The  ionization  rate,  da/dx  in  the  non-equilibrium  theory  is  found  from  the  rate 


equation: 


da  kiPa <  1  "  •  )  kJ 


(3.2.8) 


where  a  is  the  ionization  fraction,  and  k .  and  A  are  the  ionization  and 

T  D 

recombination  rate  constants  respectively.  The  frozen  flow  model  is  found  as 
the  limit  in  which  kf  and  kb  approach  zero.  If  Arf  and  *b  approach  infinity,  the 
equilibrium  model  is  recovered.  The  rate  constants  have  been  obtained  from 
the  work  of  Mansbach  and  Keck34  for  the  non-equilibrium  ionization  case. 
These  are: 
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Normally,  for  equilibrium  flow,  two  independent  properties  are  required  to 
define  a  thermodynamic  state  such  as  P  and  p.  For  non-equilibrium  flow,  a 
third  independent  property  such  as  a  is  required  to  completely  determine  the 
thermodynamic  state1*.  The  boundary  conditions  necessary  to  complete  the 
problem  description  have  been  discussed  in  Sec.  2.2.  In  addition  to  these,  a 
boundary  condition  for  a  must  be  specified.  This  Is  that  the  gas  be  weakly 
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ionized  at  the  entrance.  The  details  of  this  will  be  discussed  in  Sec.  3.6 
where  the  solution  to  the  non-equilibrium  flow  equations  will  be  given.  The 
introduction  of  the  non-equilibrium  equation  of  state,  (3.2.4),  and  the  rate 
equation.  (3.2.8)  modifies  the  magnetogasdynamic  choking  condition.  This  will 
be  discussed  next. 


3.3.  MAGNETOPLASMADYNAMIC  CHOKING 


In  this  section,  the  effect  of  non-zero  ionization  rates  on 
magnetogasdynamic  choking  will  be  studied.  This  will  be  done  first  under  the 
equilibrium  and  then  under  the  nonequilibrium  assumptions.  It  is  found  that 
ionization  rates  have  a  strong  effect  on  the  choking  condition  and  hence  on 
the  appearance  of  back-EMF  onset. 

For  both  the  frozen  flow  and  equilibrium  flow  limits,  the  magneto-gas 
dynamic  choking  condition  can  be  written  as: 


(3.3.1) 


For  frozen  flow  of  a  monatomic  gas,  the  right  hand  side  of  (3.3.1)  has  the 
value  of  5/2.  The  equilibrium  calculation  causes  the  right  hand  side  of  (3.3.1) 
to  be  up  to  an  order  of  magnitude  larger.  This  is  shown  in  Fig.8.  This  will 
be  evident  in  the  results  of  the  piecewise  linear  model  that  will  be  discussed 
in  Sec.  3.4.  The  major  difference  between  the  two  limits  is  that  an  important 
part  of  the  change  in  enthalpy  in  equilibrium  is  due  to  the  change  in  the 
ionization  fraction.  The  right  hand  side  of  (3.3.1)  oscillates  in  the  equilibrium 
theory  as  the  plasma  progresses  through  successive  stages  of  ionization. 

The  difference  in  thermodynamics  has  an  important  effect  on  back-EMF 
onset.  Since  the  equilibrium  theory  can  predict  large  electric  fields,  the 
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occurrence  of  back-EMF  blocking  is  delayed.  This  is  why  King  et  a/.7  did  not 
find  evidence  of  onset  over  the  range  of  parameters  used  in  their  numerical 
calculation. 


The  nature  of  the  choking  condition  with  nonequilibrium  ionization  can  be 
analyzed  as  follows.  Consider  a  plasma  composed  of  electrons,  neutrals,  and 
singly  ionized  ions.  In  non-equilibrium,  the  equation  of  state  is  given  by 
(3.2.4).  Proceeding  exactly  as  before  (see  Sec.  2.3),  we  can  combine  the 
governing  equations  in  differential  form  with  the  new  equation  of  state  (3.2.4), 
solve  for  the  velocity  gradient,  require  smooth  acceleration  through  the  sonic 
point,  and  obtain,  the  following  non-equilibrium  choking  condition: 


dh 

E  *  p'a'B' — 

dP  r 


p’a'Bh.  da 

.  + - .  .  — 


(3.3.2) 


where  the  superscript  •  refers  to  a  quantity  evaluated  at  the  sonic  point. 


The  above  equation  (3.3.2)  shows  the  effect  of  ionization  rates  on  the  electric 
field  explicitly. 


Neglecting  again  electronic  excitation,  an  analytic  form  for  the  equation 
of  state  can  be  found: 


,  ,  5  P  •*, 

h  •  MP.p.a)  ■  —  + - 

2  P  ", 


(3.3.3) 


where  «(  is  the  first  ionization  energy.  Using  (3.3.3),  the  choking  condition 
(3.3.2)  may  be  simplified  to: 
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calculation. 


The  nature  of  the  choking  condition  with  nonequilibrium  ionization  can  be 
analyzed  as  follows.  Consider  a  plasma  composed  of  electrons,  neutrals,  and 
singly  ionized  ions.  In  non-equilibrium,  the  equation  of  state  is  given  by 
(3.2.4).  Proceeding  exactly  as  before  (see  Sec.  2.3),  we  can  combine  the 
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where  the  superscript  •  refers  to  a  quantity  evaluated  at  the  sonic  point. 


The  above  equation  (3.3.2)  shows  the  effect  of  ionization  rates  on  the  electric 


field  explicitly. 


Neglecting  again  electronic  excitation,  an  analytic  form  for  the  equation 
of  state  can  be  found: 


,  ,  5P 
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2P  mA 


(3.3.3) 


where  is  the  first  ionization  energy.  Using  (3.3.3),  the  choking  condition 
(3.3.2)  may  be  simplified  to: 
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Observe  that  the  first  term  on  the  right  hand  side  is  the  electric  field  from 
the  frozen  flow  theory  and  the  second  term  represents  the  dependence  of  the 

l 

electric  field  on  the  ionization  rate  at  the  sonic  point.  The  physical 
significance  of  the  relative  magnitude  of  these  two  terms  can  be  found  by 
rewriting  the  above  equation  in  the  following  non-dimensional  form: 


E  5 

-  m.  -  + 


a'B'  2  j’B'm  dx 


Consider  a  unit  volume  of  the  plasma  as  it  travels  a  distance  dx. 


(3.3.4) 


da  is 


the  energy  added  to  ionization.  jBdx  is  the  work  done  by  the  magnetic  field 
to  accelerate  the  plasma.  Thus,  the  second  term  on  the  right  of  (3.3.4) 
measures  the  ratio  of  energy  going  into  ionization  to  the  work  done  in 
accelerating  the  plasma. 


In  this  section,  the  choking  condition  for  frozen  and  equilibrium  flow 
have  been  compared.  The  equilibrium  values  were  computed  using  statistical 
thermodynamics.  This  will  be  discussed  in  the  next  section.  Fig.8  shows  a 
large  quantitative  difference  between  these  frozen  and  equilibrium  flow  limits. 
Using  a  generalized  equation  of  state,  (3.2.4),  the  magneto-gas  dynamic  choking 
condition  was  extended  to  non-equilibrium  flow  in  (3.3.2).  It  was  shown  that 
the  importance  of  the  ionization  term  in  the  choking  condition  was  determined 
by  the  relative  rate  at  which  energy  enters  ionization  to  the  rate  at  which 
work  is  done  on  the  flow  at  the  choking  point.  The  piecewise  linear  model 
will  be  discussed  in  the  next  section.  This  will  further  illustrate  the  effect  of 
equilibrium  ionization  rates  at  the  choking  point  on  the  back-EMF  onset. 
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3.4.  EQUILIBRIUM  MPD  CHANNEL  FLOW 

It  was  shown  in  the  last  section  that  the  electric  field  in  quasi  1-D  MPD 
flow  is  strongly  determined  by  the  ionization  rate  at  the  sonic  point.  The 
largest  ionization  rates  occur  for  equilibrium  flow.  Equilibrium  flow  was  first 
studied  by  King  et  a/.7  who  found  no  evidence  of  back-EMF  onset  over  the 
range  of  parameters  they  studied.  In  this  section,  their  equilibrium  theory  is 
approximately  modeled  using  a  piecewise  linear  profile  for  enthalpy.  It  is 
shown  that  the  equilibrium  ionization  rates  yield  much  larger  electric  fields 
than  zero  ionization  rates  (i.e.  frozen  flow),  it  will  also  be  shown  that  this 
may  delay  back-EMF  onset  by  increasing  the  limit  on  S'  found  in  Sec.2.5.  The 
equilibrium  flow  will  only  be  qualitatively  addressed  here  since  the  subject  is 
dealt  with  at  greater  length  by  King  et  a/7.  The  motivation  behind  this  section 
is  to  discuss  the  equilibrium  flow  assumption  on  the  delaying  of  back-EMF 
onset  which  was  first  mentioned  in  Sec.  3.3. 


The  governing  equations  of  equilibrium  flow  have  already  been  stated  in 
Sec.  3.2.  The  primary  difference  between  equilibrium  and  frozen  flows  was 
the  variation  of  enthalpy,  h  versus  temperature,  T.  For  fully  ionized  frozen 
flow  (i.e.  «  «  1),  the  relationship  is: 
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For  equilibrium  flow,  the  variation  of  enthalpy  with  temperature  may  be 
obtained  by  using  statistical  thermodynamics.  These  methods  have  been 
described  by  various  authors’®  15  JB.  Argon  will  be  used  as  an  example. 
Consider  a  fixed  volume  Vbojt,  of  stationery  gas  at  a  given  temperature 
consisting  of  neutral  atoms,  single  ions,  double  ions,  triple  ions,  and  electrons. 
Suppose  further  that  the  total  number  of  nuclei  is  fixed.  This  therefore 
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corresponds  to  a  mixture  of  A,  A+,  A**.  A***,  and  e-  at  a  given  density  and 
temperature.  From  the  law  of  mass  action1*,  we  find: 
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where  Z A,Z 4,Z 44,Z 444,  and  Z#  are  the  total  partition  functions  of  the  neutrals, 
single  ions,  double  ions,  triple  ions,  and  electrons  respectively,  and  K  K  ,  and 
A'j  are  the  equilibrium  constants.  The  partition  function  is  so  named  because 
it  expresses  the  partition  or  distribution  of  energies  over  various  energy 
levels”.  Since  the  discussion  here  is  restricted  to  atoms  and  not  molecules, 
the  partition  function  involves  only  the  translational  and  electronic  parts. 
Since  a  density  is  given,  the  total  number  of  nuclei  that  is  initially  specified 
is  constant: 
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In  addition,  we  have  a  statement  of  conservation  of  charge: 


n  «=  n  +  2n  -4  3/7 
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The  system  of  equations  (3.4.2)  through  (3.4.6)  are  complete  in  the  five 
unknowns  r>A.  n nt,  r>44.  and  r?444.  This  system  can  be  reduced  to  a  single 
fourth  order  equation  in  n  : 
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Given  the  temperature,  all  the  equilibrium  number  densities  can  be  calculated 
by  solving  for  the  roots  of  (3.4.7).  Quantum  mechanical  data  on  atomic 
energy  levels17  and  electronic  partition  functions  are  calculated  assuming  the 
ground  state  of  the  atom  as  the  datum.  The  electronic  partition  functions  of 
the  other  species  are  then  suitably  corrected  to  ensure  consistency. 
Translational  partition  functions  are  calculated  assuming  that  each  particle 
behaves  quantum  mechanically  in  the  same  manner  as  a  free  particle 
translating  in  a  box.  After  using  Sterling's  approximation  for  a  large  number 
of  particles15,  the  thermodynamic  properties,  total  partition  function,  Helmholtz 
free  energy,  entropy,  internal  energy,  pressure,  enthalpy,  and  specific  heat  at 
constant  volume  can  be  calculated  using  the  following  identities: 
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where  is  the  total  partition  function  of  the  /"*  species. 
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where  the  respective  variables  have  been  defined  in  the  nomenclature.  With  a 
little  extra  computation,  one  may  also  compute  the  speed  of  sound,  a  from1*: 
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A  numerical  calculation  has  been  performed  using  the  method  outlined  above. 
The  results  were  compared  with  existing  published  results2*  and  are 
summarized  in  table  1  and  table  2.  It  is  seen  from  these  tables  that  the 
numerical  results  are  quite  good.  This  calculation  was  used  to  compute  the 
electric  field  from  the  choking  condition  of  Sec.  3.3,  and  is  shown  in  Fig. 8. 
This  equilibrium  calculation  also  forms  the  basis  for  the  piecewise  linear 
model,  which  will  be  discussed  next. 


The  statistical  thermodynamics  calculation  that  has  just  been  discussed 
yielded  the  variation  of  enthalpy  as  a  function  of  temperature  that  is  depicted 
in  Fig.9.  For  the  purposes  of  qualitatively  examining  the  equilibrium  flow 
model  of  King  et  a/.7,  the  exact  variation  of  enthalpy  shown  in  Fig.9  will  be 
replaced  by  the  piecewise  continuous  profile  shown  in  Fig.  1 0.  In  this 
piecewise  linear  model,  the  enthalpy  varies  linearly  until  a  cutoff  temperature  , 
T t  .  This  means  that  until  this  cutoff  .temperature  is  reached,  any  energy 
added  to  the  plasma  will  go  primarily  into  the  translational  mode.  After  this 
cutoff  temperature  is  reached,  the  temperature  remains  at  T  •  Tc,  and  thereafter 
enthalpy  continues  to  increase.  This  signifies  that  at  this  cutoff  temperature, 
any  energy  that  is  added  to  the  plasma  goes  into  electronic  excitation,  with 
none  going  into  the  translational  mode.  This  in  a  very  rough  way,  simulates 
the  behaviour  of  the  enthalpy  of  a  plasma  In  thermodynamic  equilibrium.  This 
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piecewise  linear  model  thus  qualitatively  represents  the  equilibrium  behavior  of 
the  plasma. 


The  approximate  equation  of  state  for  equilibrium  flow  will  now  be 
derived.  In  the  vertical  branch  of  Fig.  10,  the  internal  energy  consists  of  the 
energy  per  unit  mass  of  the  excited  states.  Thus. 
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where  ec  is  the  specific  internal  energy  at  T  *  T 


The  enthalpy  and  pressure  are  given  by: 


P 

h  *  e  +  — 


(  1  +  a  )  pkT 


(3.4.17) 


(3.4.18) 


Combining  (3.4.16),  (3.4.17),  and  (3.4.18),  the  following  expression  is  obtained 
for  the  enthalpy  in  the  vertical  branch  of  Fig.  1 0: 
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The  governing  equations  for  mass,  momentum,  and  energy  are  the  same 
as  in  Sec.2.2.  The  equations  for  enthalpy  and  pressure  are  replaced  with 
(3.4.18)  and  (3.4.19).  The  choking  condition  (3.3.2)  for  the  piecewise  linear 
model  reduces  to: 
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Examination  of  the  actual  variation  of  enthalpy  from  Fig.9  shows  that  the 
cutoff  temperature  for  Argon  in  the  piecewise  linear  model  may  be  taken  to 
be  about  7000  K.  The  temperature  at  the  sonic  point  is  typically  higher7.  The 
sonic  point  thus  occurs  on  the  vertical  branch  of  Fig.10.  The  electric  field  in 
the  piecewise  linear  model  is  larger  than  in  the  frozen  flow  case  by  a  factor 
of  (  1  +  t  ,/*Fe )  /  2.5.  For  a  cutoff  temperature  of  7000  K  for  argon,  the 
piecewise  linear  model  gives  an  electric  field  of  E  *  27.12  a'B'.  This  is  about 
an  order  of  magnitude  bigger  than  in  the  frozen  flow  case. 


Though  (3.4.20)  and  (3.4.21)  imply  a  discontinuous  jump  in  the  electric 
field,  it  is  clear  that  this  is  due  to  the  drastic  approximation  of  the  piecewise 
linear  model.  Thus,  in  the  equilibrium  flow  case,  the  electric  field  will  vary 
continuously  from  the  lower  to  the  upper  values  given  by  (3.4.20)  and  (3.4.21). 
The  consequences  of  this  on  onset  will  now  be  summarized. 


During  quasi-steady  operation  of  the  thruster,  an  increase  in  the  total 
current  corresponds  to  an  increase  in  T,  As  V  increases  from  some  value 
below  Tc  upto  Tf,  The  electric  field  varies  continously  from  2.5  a’B'  to 
•»  27.12  a’B'  (if  the  cutoff  is  taken  to  be  at  roughly  7000  K  for  argon).  It  may 
then  be  seen  by  an  analysis  identical  to  the  one  outlined  in  Sec. 2.4,  that  this 
corresponds  to  an  increase  in  the  upper  limit  of  the  magnetic  force  number.  S'. 
This  is  illustrated  in  table  3  for  the  case  of  h'  ■  h  .  It  was  shown  earlier  in 
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chapter  2  that  back-EMF  onset  manifested  itself  in  the  form  of  an  upper  limit 
on  S'.  It  is  evident  from  this  model  based  on  a  piecewise  linear 

approximation  to  the  equilibrium  enthalpy,  that  back-EMF  onset  could  be 
delayed.  This  may  explain  why  back-EMF  onset  was  not  observed  by  King  el 
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In  this  section,  the  equilibrium  flow  in  the  MPD  thruster  has  been 
qualitatively  studied  by  approximating  the  equilibrium  variation  of  enthalpy 
with  temperature,  in  a  piecewise  linear  fashion.  The  form  of  the  piecewise 
linear  enthalpy  profile  and  the  cutoff  temperature  were  determined  from  a 
rather  precise  statistical  thermodynamics  calculation.  Based  on  this  theory,  it 
was  shown  that  the  electric  field  could  be  upto  an  order  of  magnitude  higher 
for  equilibrium  flow  when  compared  to  frozen  flow.  This  qualitatively 
explains  why  back-EMF  onset  was  not  found  by  King  et  a/.7  over  the  range  of 
parameters  they  considered.  Furthermore,  the  strong  relationship  of  the 

electric  field  to  the  ionization  rate  at  the  sonic  point  has  been  established.  In 
*  the  next  section,  the  effect  of  more  realistic  ionization  rates  will  be  studied, 
and  a  new  theory  of  non-equilibrium  MPD  flow  will  be  developed. 

3.S.  NON-EQUILIBRIUM  MPD  CHANNEL  FLOW 

The  importance  of  non-equilibrium  ionization  on  the  choking  condition 
has  been  discussed  in  chapter  2  and  Sec.3.3.  It  was  shown  that  the  electrical 
characteristics  are  determined  by  the  dynamics  et  the  choking  point,  i.e.,  the 
transition  from  subsonic  to  supersonic  flow.  It  was  shown  in  Sec.2.3  and 
Sec.3.3  that  the  electric  field  necessary  for  choking  depends  strongly  on  the 
ionization  rate  at  the  sonic  point.  The  larger  that  rate,  the  larger  the  electric 
field  must  be  in  order  to  sustain  a  supersonic  flow.  This  was  shown  in  the 
equilibrium  model  of  Sec. 3.4.  Consequently,  ionization  rates  may  control  the 
terminal  voltage.  Another  implication  of  this  result  is  that  the  ionization  rates 
may  control  the  appearance  of  onset  by  the  back-EMF  current  blocking 
mechanism.  In  this  section,  the  effect  of  realistic  ionization  rates  on 
determining  the  electrical  characteristics  and  on  controlling  the  appearance  of 
back-EMF  onset  will  be  examined  using  a  quasi-ID  non-equilibrium  theory. 
Non-equilibrium  ionization  MPD  flow  with  an  externally  applied  magnetic  field 
has  been  considered  previously  by  Seals  and  Hessen”;  However,  they  did  not 
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attempt  an  explanation  of  onset.  Furthermore,  their  analysis  was  restricted  to 
the  operation  of  the  thruster  in  the  electrothermal  mode.  The  non-equilibrium 
theory  presented  herein  will  be  used  specifically  in  order  to  predict  and 
quantify  onset  in  self-field  MPD  thrusters. 

The  objective  of  the  non-equilibrium  ionization  theory  in  this  thesis  is 
three-fold.  Firstly,  it  will  be  used  to  estimate  electric  field  versus  current 
characteristics.  Next,  the  theory  will  provide  an  explanation  of  onset  and  be 
able  to  predict  the  level  of  total  current  at  which  this  occurs.  Finally,  this 
theory  will  provide  the  free  stream  boundary  conditions  for  a  boundary  layer 
analysis  that  will  be  used  to  quantify  erosion  rates  by  evaporation  when  onset 
is  reached. 


The  governing  equations  for  quasi-ID  MPD  flow  have  already  been 
discussed  in  Sec. 3.2.  For  the  non-equilibrium  theory,  the  same  assumptions  of 
negligible  viscous.  Hall,  and  heat  transfer  effects  are  made.  Though  these 
effects  are  ultimately  important  and  probably  should  be  included  in  a  complete 
model,  they  are  ignored  at  this  moment.  Whether  these  effects  should  be 
included  or  not  will  be  addressed  later  in  chapter  5.  Thus,  using  these 
assumptions  together  with  a  constant  channel  area,  the  governing  equations  of 
Sec. 3.2  may  be  written  as  follows:  mass: 
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choking  condition: 
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Ampere's  &  Ohm's  laws: 
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where  a  was  given  in  Sec. 3.2. 
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The  pressure  and  enthalpy  may  be  eliminated  using  (3.5.4)  and  (3.5.5). 
Equations  (3.5.8)  and  (3.5.9)  may  also  be  combined  to  yield  a  single  differential 
equation  for  da/dB.  In  this  way,  the  equations  (3.5.1)  through  (3.5.9)  may  be 
put  into  the  following  non-dimensional  forms: 
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where  kf  and  kt  were  given  in  Sec.3.2, 


and  the  integral  form  of  Ampere's  law  (3.5.9)  when  non-dimenslonall2ed  yields: 
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To  complete  the  description  of  quasi-ID  non-equilibrium  MPD  channel  flow, 
boundary  conditions  are  required.  In  the  quasi-steady  operation  of  the  MPD 
thruster7,  the  weakly  ionized  flow  enters  the  channel  x*0  at  a  slow  speed 
and  low  temperature.  Within  a  short  distance  of  less  than  a  centimeter,  the 
plasma  is  accelerated  to  Mach  1  mainly  due  to  ohmic  heating.  Beyond  the 
sonic  point,  the  electromagnetic  force  accelerates  the  plasma  to  supersonic 
speeds.  At  the  exit  x  *  L  ,  the  magnetic  field,  B  is  nearly  zero. 

The  mathematical  description  of  the  flow  is  given  by  equations  (3.5.10) 
through  (3.5.14).  The  above  set  of  equations  (3.5.10)  through  (3.5.14)  may  be 

taken  to  constitute  a  system  of  five  equations  in  the  five  unknowns  u,  T,  a. 

E,  and  L  with  B‘  and  S'  as  parameters.  The  independent  variable  is  taken  here 
to  be  the  magnetic  field,  B.  This  formulation  simplifies  the  system  of 
equations  but  reduces  the  problem  to  a  two-point  boundary  value  problem. 
Therefore  a  manual  shooting  method  is  used.  The  boundary  conditions  are  as 
follows.  The  mass  flow  rate  is  taken  as  given  and  constant.  The  channel 
cross  sectional  area  is  constant  end  fixed.  The  magnetic  field  B \  the 

temperature  V,  and  the  ionization  fraction  «*  at  the  sonic  point  are  specified 
as  the  boundary  conditions  at  x  *  x\  The  integration  of  (3.5.14)  is  then 

performed  in  the  two  separate  directions  toward  the  inlet,  and  toward  the  exit. 
The  sum  of  these  lengths  before  and  after  the  sonic  point  then  is  required  to 
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match  the  given  length  of  the  thruster.  If  the  calculated  length  does  not 
match  the  given  length,  then  V  and  a*  are  varied  until  the  correct  length  has 
been  calculated.  This  will  be  discussed  in  greater  detail  in  the  next  section. 
Sec. 3.6. 

The  physical  significance  of  the  manner  in  which  the  boundary  conditions 
are  specified  will  now  be  addressed.  The  total  mass  flow  is  fixed  in  the 
experiments.  Hence  it  is  natural  to  impose  the  same  in  this  steady  state 
theory.  The  total  current  to  the  thruster  is  also  fixed.  This  implies  from 
equation  (2.2.9)  of  Sec.2.2  that  at  a  given  current  level,  the  magnetic  field  at 
the  inlet  B  is  fixed.  Thus,  the  magnetic  field  at  the  sonic  point  B‘  would  be 
fixed  to  within  less  than  10%  of  B..  Hence,  B‘  may  be  specified  as  a 
boundary  condition  at  x  *  x*.  and  a  reasonable  initial  guess  is  obtained  from 
(2.2.9).  Next,  since  the  thruster  length  is  fixed  in  the  experiments,  the 
parameters  a *  and  V  are  varied  in  a  realistic  fashion  until  the  length 
calculated  by  (3.5.14)  matches  the  length  in  the  given  experiment.  In  this 
manner,  profiles  of  all  the  variables  are  computed  for  a  given  current  and 
mass  flow.  The  predictions  of  the  non-equilibrium  theory  can  then  be 
compared  with  experimentally  measured  values  of  electric  fields  and  onset 
currents  for  some  given  mass  flow  rate. 

This  section  has  focused  on  the  development  of  the  quasi-ID  non¬ 
equilibrium  theory.  In  the  next  section,  this  theory  will  be  used  to  predict 
electrical  characteristics  and  onset.  Comparisons  will  then  be  made  with  the 
experimental  results  of  King23  obtained  from  the  20  cm.  straight  coaxial 
thruster.  It  will  be  shown  that  at  a  certain  value  of  the  current,  the  length 
constraint  imposed  by  the  integral  form  of  Ampere's  law  (3.5.14)  cannot  be 
satisfied  for  steady  flow.  This  is  interpreted  as  onset  in  the  non-equilibrium 
ionization  theory. 
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3.6.  COMPARISONS  WITH  EXPERIMENT 
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The  quasi-ID  non-equilibrium  MPD  theory  was  developed  in  the  previous 
section.  This  section  will  focus  on  the  solution  of  these  equations,  present 
some  results,  and  compare  these  with  the  experiments  of  King23.  Other 
experimental  results  exist,  the  most  detailed  of  these  having  been  obtained  by 
Barnett’*  on  plasma  flow  conditions  at  onset.  However,  these  measurements 
were  made  on  the  "benchmark"  thruster  which  is  characterized  by  a  protrusion 
at  the  anode  (see  Fig.  1).  The  theory  developed  in  this  thesis  considers  a  one¬ 
dimensional  straight  channel.  For  this  reason,  the  data  of  King23  which  were 
taken  from  the  straight  channel  coaxial  20  cm.  long  thruster,  have  been  chosen 
for  comparison. 
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The  mathematical  description  along  with  the  boundary  conditions  has 
been  discussed  in  Sec. 3.5.  The  numerical  algorithm  will  now  be  described. 
Given  the  quantities  B‘,  V,  and  a  at  the  sonic  point,  the  mass  flow  rh,  the 
channel  width  W.  and  the  channel  height  H,  the  right  hand  side  of  the  integral 
form  of  Ampere’s  law  (3.5.14)  is  computed  by  integration  from  B/B' »  1  to 
B/B'cO.  The  integrand  of  (3.5.14)  depends  on  u,  T,  B,  «,  and  the  quantities  at 
the  sonic  point,  u  and  T  can  be  obtained  as  a  function  of  B.  a,  and  the 
quantities  at  the  sonic  point  by  solving  (3.5.10)  and  (3.5.11)  simultaneously. 
This  gives: 
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Next,  if  the  conditions  at  the  sonic  point  are  specified,  the  electric  field  may 


be  calculated  from  equation  (3.5.12)  and  (3.5.13).  Then  the  differential  equation 


(3.5.13)  is  integrated  to  obtain  the  ionization  fraction  a  at  any  desired  B.  The 


integration  of  the  differential  equation  is  rather  complicated  by  the  fact  that 


this  equation  is  numerically  "stiff".  Consequently,  an  IMSL  (International 


Mathematical  Subroutine  Library)  routine  DGEAR  was  employed.  This  routine 


uses  the  algorithm  of  Gear  which  is  specially  equipped  to  handle  stiff 


systems.  DGEAR  is  used  to  solve  (3.5.13)  and  the  result  is  used  to  evaluate 


the  integrand  in  (3.5.14)  at  various  stages  of  the  numerical  integration.  In  this 


manner,  the  thruster  length  from  the  sonic  point  to  the  exit  is  computed.  In  a 


similar  manner,  the  length  upstream  of  the  sonic  point  is  computed.  As 


expected,  the  length  between  the  inlet  and  the  sonic  point  is  found  to  be 


typically  much  smaller  than  1  cm.  The  distance  between  the  sonic  point  and 


the  exit  is  to  a  very  good  approximation,  the  total  length  of  the  thruster. 


This  calculated  length  is  then  compared  to  the  length  of  20  cm.  used  in  King's 


experiments.  If  the  lengths  match,  then  a  solution  has  been  obtained  for  the 


current  level  corresponding  to  B.  If  the  lengths  do  not  match,  then  the  inputs 


a'  and  V  ere  varied  until  the  computed  length  is  %  20  cm.  In  the  results 


that  have  been  obtained,  «*  is  kept  constant  at  0.001  until  V  ■  14000  K.  At 


T'  -  14000  K,  a *  is  varied  from  0.001  to  1.0.  Once  a*  ■  1,  then  V  is  allowed  to 


increase  beyond  14000  K.  The  limit  of  V  *  14000  K  is  chosen  because  at  this 
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temperature,  the  ionization  rate  begins  to  become  large.  In  this  way  the 

parameters  a"  and  T'  are  varied  in  a  physically  consistent  manner.  It  was 
* 

found  that  the  solution  was  not  very  sensitive  to  the  way  in  which  a'  and  T 
were  increased. 

Solutions  to  the  quasi-ID  non-equi  ibrium  equations  have  thus  been 
generated  for  mass  flows  of  3  g/sec  and  6  g/sec.  The  electric  field  versus 
current  curves  are  shown  in  Fig.  11  for  a  mass  flow  of  3  g/sec,  and  in  Fig.  12 
for  a  mass  flow  of  6  g/sec.  The  continuous  curve  represents  the  results 

obtained  from  the  non-equilibrium  theory.  The  experimental  data  are  plotted 

as  discrete  points.  It  must  be  pointed  out  that  the  bars  on  the  experimental 
points  are  not  error  bars.  The  bars  represent  the  deviation  of  the  measured 
values  from  quasi  one  dimensionality.  The  reason  the  bars  indicate  such  a 

large  variation  is  that  the  mass  flow  in  the  experiment  was  not  uniform 

across  the  channel.  The  magnitude  of  these  bars  were  based  on  across-the- 
channel  measurements  of  the  electric  field  made  by  King10. 

It  can  be  seen  that  on  the  basis  of  this  comparison,  the  non-equilibrium 
theory  predicts  the  shape  of  the  electric  field  vs.  current  curve  very  well. 
Furthermore,  it  is  in  quantitative  agreement  with  experimental  results  within  the 
bounds  of  deviation  from  quasi  one  dimensionality.  This  is  observed  for  both 
3  g/sec  and  6  g/sec  experiments.  The  major  accomplishment  of  the  theory  are 
the  upper  points  in  Fig. 11  and  Fig.  12  where  the  calculated  values  end.  This  is 
the  onset  point  in  the  theory.  This  is  the  current  at  which  no  steady  solution 
could  be  found  that  would  satisfy  the  length  constraint  dictated  by  (3.5.14). 
The  stage  where  the  discrete  data  points  end  signify  the  point  where  onset 
was  reached  in  the  experiment.  As  can  be  seen  from  Fig.  11  and  Fig.  12,  the 
prediction  of  the  onset  current  is  in  excellent  agreement  with  the  quasi-ID 
non-equilibrium  theory.  Further,  Barnett’5  has  also  observed  that  the  back-EMF 
is  very  large  near  the  onset  limit  for  the  "benchmark"  thruster.  This  may  be 
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a  further  indication  that  the  onset  observed  in  the  MPD  thruster  maybe  due  to 
the  back-EMF  current  blocking  mechanism  presented  in  this  thesis. 


In  addition  to  giving  the  electrical  characteristics,  the  quasi-ID  theory 
also  provides  variations  of  various  quantities  along  the  length  of  the  thruster. 
Typical  profiles  of  velocity,  temperature,  ionization  fraction,  and  current 
density  are  shown  in  Fig.  13,  Fig.  14,  Fig.  15,  and  Fig.  16.  These  were  computed 
for  a  mass  flow  rate  of  3  g/sec.  Some  of  the  features  of  the  profiles  require 
clarification.  The  velocity  is  seen  to  increase  monotonically  until  near  the 
exit,  where  it  decreases.  This  is  because  ohmic  heating  is  dominant  near  the 
exit  and  the  addition  of  heat  to  a  supersonic  flow  causes  it  to  slow  down. 
The  temperature  increases  steadily  until  the  sonic  point,  after  which  it 
decreases  slightly  and  then  increases  sharply  near  the  exit.  The  reason  for  the 

slight  temperature  decease  after  the  sonic  point  is  that  the  supersonic  flow  is 

accelerating.  It  is  well  known  that  an  accelerating  supersonic  flow  cools17. 
Then  near  the  exit,  the  temperature  rises  again  due  to  ohmic  heating.  The 
temperature  rise  computed  near  the  exit  is  unrealistically  high.  This  is 
because  only  single  ionization  was  considered  in  the  theory.  If  the  presence 
of  second  ions  were  considered,  then  this  temperature  rise  at  the  exit  would 
not  be  so  dramatic.  The  ionization  fraction  profile  requires  little  explanation. 
a  increases  sharply  near  the  sonic  point  because  the  temperature  rises  sharply. 
It  then  becomes  relatively  constant  since  the  temperature  is  fairly  constant  in 
the  middle  of  the  thruster.  Near  the  exit,  a  rises  sharply  again  because  of  the 

sharply  increasing  temperature.  The  current  density  starts  out  small  near  the 

inlet  because  the  temperature  is  small  (this  makes  the  conductivity  small)  and 
then  increases  following  the  increasing  temperature  and  conductivity.  Beyond 
the  sonic  point,  the  velocity  is  increasing  and  the  magnetic  field  is  decreasing. 
This  causes  the  back-EMF  to  increase  and  reach  a  maximum  somewhere  in  the 
middle  of  the  thruster.  This  makes  E  -  uB  decrease  and  reach  a  minimum 
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somewhere  in  the  middle.  Consequently,  the  current  density  decreases  and 
reaches  a  minimum  in  the  center  of  the  thruster,  and  then  increases  sharply 
near  the  exit  because  of  the  sharp  increase  in  conductivity  caused  by  the 
rising  temperature.  These  profiles  will  be  useful  in  providing  the  free  stream 
boundary  conditions  for  the  boundary  layer  analysis  that  will  be  discussed  in 
chapter  4. 

Thus  far,  quasi-ID  MPD  flow  has  been  considered  without  friction  and 
heat  transfer.  The  effect  of  these  on  magnetoplasmadynamic  choking  will  be 
addressed  in  the  next  section.  Finally  the  quasi-ID  MPD  flow  theory  will  be 
summarized  in  Sec. 3.8. 

3.7.  EFFECT  OF  WALL  FRICTION  AND  HEAT  TRANSFER  ON  MPD  CHOKING 

The  previous  sections  of  this  chapter  have  considered  quasi-ID  MPD 
flow  under  the  equilibrium  and  non-equilibrium  assumptions.  However  certain 
effects  have  been  excluded  in  order  to  enable  a  simple  solution  to  the 
problem.  These  include  friction,  heat  transfer,  and  the  Hall  effect.  In  this 
section,  friction  and  heat  transfer  will  be  partially  accounted  for  and  their 
impact  on  MPD  choking  will  be  examined. 

For  a  varying  area  quasi-ID  MPD  flow  with  wall  friction  and  heat 
transfer,  the  equations  of  mass,  momentum,  and  energy  conservation  yield: 


where: 
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is  the  drag  coefficient, 
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is  the  hydraulic  diameter. 


and  is  the  effective  heat  transfer  coefficient.  Following  the  development 
of  Sec.2.3,  equations  (3.7.1),  (3.7.2),  and  (3.7.3)  may  be  combined  with  (3.5.4). 
(3.5.5),  (3.5.6),  (3.5.8),  and  (3.5.9)  to  yield: 


_3 du  ri+r,*  y3*  r4  *  r, 
2 udx  ( u3  -  a1 ) 

where 


r  i 


r2 


7j 


y* 


r9 


1l  — 

mA  dx 

*P_  dA 
2pA  dx 

5  cy 


Ah  (T-T  ) 

c  m 

D»  pu 

l  E  bB  \  — 
'  roPU  2Po P  dX 


(3.7.4) 


ft  can  be  seen  that  for  a  constant  area  channel  with  no  friction  or  heat 
transfer,  the  above  reduces  to  (2.3.1).  Again  using  the  same  argument  as  in 
Sec.2.3  and  requiring  a  smooth  acceleration  from  subsonic  flow  to  supersonic 
flow,  gives  0  for  the  numerator  of  (3.7.4)  when  u  «  a.  This  gives  the  following 
choking  condition  for  the  electric  field.  Thus,  for  a  constant  area  channel: 
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From  the  above  generalized  choking  condition,  it  can  be  seen  that  larger  rates 
of  heat  transfer  from  the  plasma  to  the  wall  near  the  choking  point  cause  a 
larger  electric  field.  Since  a  larger  electric  field  permits  a  larger  back-EMF, 
this  may  delay  back-EMF  onset  in  the  same  manner  as  larger  ionization  rates 
at  the  sonic  point.  The  effect  of  wall  friction  may  also  be  examined.  It  can 
be  seen  that  friction  actually  causes  a  lower  electric  field.  This  in  turn 
permits  a  smaller  back-EMF,  and  could  thus  cause  back-EMF  onset  to  occur 
sooner.  However,  the  presence  of  the  ionization  rate  (in  the  last  term  in 
(3.7.5))  is  dominant  in  determining  the  electric  field  for  equilibrium  flow. 


Wall  friction  and  bulk  heat  transfer  could  have  a  significant  effect  on  the 
lack  of  delay  or  delay  of  onset  for  non-equilibrium  flow.  The  inclusion  of 
friction  and  heat  transfer  further  complicates  the  solution  of  the  equations  in 
Sec.3.5.  Therefore,  these  will  not  be  included  in  the  calculation  of  the  free 
stream  boundary  conditions  that  are  used  in  chapter  4.  This  is  deemed  as  a 
necessary  first  approach.  Chapter  4  will  focus  on  the  development  of  a  two 
temperature  boundary  layer  theory  which  will  be  used  to  calculate  the  wall 
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shear  and  the  wall  heat  flux.  But  before  proceeding  to  the  boundary  layer 
theory,  the  quasi-ID  theory  will  be  summarized  in  the  following  section. 


3.8.  SUMMARY  OF  QUASI-ID  MPD  THEORY 


This  section  will  serve  to  unify  the  ideas  that  have  been  presented  in 
chapter  2  and  this  chapter.  However,  before  this  is  accomplished,  a  brief 
summary  of  existing  theories  and  their  assumptions  will  be  given.  Existing 


theories 


7.  8.  ».  13.  14.  16.  31.  32 


of  onset  may  be  classified  into  three  major 


approaches.  These  are  the  theories  that  partially  account  for  the  Hall 
effect'-  13  1#;  those  that  account  for  the  thermodynamics7,  J1-  M;  and  those  that 
consider  the  MPD  discharge  in  the  unsteady  mode’1,  14. 

Because  of  the  complexity  of  the  problem  several  simplifying 
assumptions  have  been  used  in  each  of  the  theories.  Baksht  et  at .',  Shubin13, 
and  Martinez  et  a/.1'  have  assumed  that  the  flow  in  the  MPD  thruster  is 
isothermal  and  thereby  eliminated  the  energy  equation.  In  addition,  Schubin13 
and  Martinez  et  a/.1*  have  considered  the  magnetic  Reynolds  number  to  be 
infinite.  However,  these  models  do  account  partially  for  the  Hall  effect. 

The  back-EMF  theory  presented  in  this  thesis31-  33  is  an  extension  of  the 
theory  of  King  et  a/.7.  King  et  a/.7,  33  however  assume  equilibrium 

thermodynamics.  The  back-EMF  theory  that  has  been  presented  in  this  thesis 
includes  the  conservation  of  mass,  momentum,  and  energy,  and  examines  the 
MPD  flow  under  the  assumptions  of  frozen  flow  and  non-equilibrium  flow. 
The  appearance  of  onset  by  the  back-EMF  mechanism  is  found  to  be  strongly 
affected  by  these  assumptions.  However,  the  Hall  effect  which  was  partially 
included  in  the  anode  starvation  theories,  is  neglected  in  this  back-EMF  theory. 
The  back-EMF  theory  differs  from  the  other  theories.  From  the  experimental 
results  of  Barnett15,  It  is  evident  that  the  predictions  of  the  anode  starvation 
theories  would  be  severely  affected  by  the  injection  of  a  small  amount  of 
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mass  near  the  downstream  end  of  the  anode.  This  would  have  no  effect  on 
the  back-EMF  theory.  The  difference  between  the  back-EMF  theory  and  the 
unsteady  (instability)  theories  is  that  onset  by  a  dominant  back-EMF  appears  in 
the  steady-state.  The  fact  that  the  assumptions  made  in  the  back-EMF  theory 
are  different  from  the  other  theories  Indicates  that  the  physical  mechanisms 
responsible  for  onset  are  different.  Further  experimental  information  on  a 
uniform  geometry  would  be  valuable  In  determining  which  of  these  different 
onset  predictions  occur  first  under  which  assumptions. 

The  back-EMF  theory  will  now  be  summarized.  It  was  first  shown  in 
Sec.2.3  that  the  electric  field  necessary  to  sustain  a  supersonic  flow  in  the 
MPD  thruster  is  determined  by  the  requirement  that  the  acceleration  from 
subsonic  to  supersonic  flow  take  place  in  a  smooth  fashion.  Next,  the  electric 
field  also  had  to  satisfy  the  constraint  imposed  by  Ohm's  law  which  specified 
the  magnitude  of  the  field  necessary  to  draw  all  the  applied  current.  It  was 
also  shown  in  Sec.2.4  that  frozen  flow  (zero  ionization  rates)  was  parametrized 
by  the  magnetic  force  number.  S'.  S'  was  then  related  to  the  onset  parameter 
that  is  used  by  experimentalists  to  define  the  onset  limit.  Both  constraints  on 
the  electric  field  could  be  satisfied  for  steady  flow  only  for  all  values  of  S' 
below  a  critical  limit.  This  limit  on  S'  translated  to  a  limit  on  the 
experimentally  measured  onset  parameter  and  correlated  well  with  the 
experimental  data  of  Malliaris  et  af*.  This  conflict  between  the  electric  field 
necessary  to  draw  all  the  applied  current  and  the  field  necessary  for  choking 
at  a  critical  value  of  the  current  is  interpreted  to  be  onset  in  the  theory. 
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Quasi-1D  MPD  flow  was  then  considered  in  chapter  3  under  the 
equilibrium  assumption  of  King  et  at 7.  The  magnetoplasmadynamic  choking 
condition  was  then  considered  in  Sec.3.3.  It  was  shown  that  the  electric  field 
from  the  choking  condition  was  strongly  dependent  on  the  ionization  rate  at 
the  sonic  point.  King  ef  al.  did  not  find  back-EMF  onset  over  the  range  of 
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parameters  they  studied.  In  order  to  understand  why,  the  equilibrium  equation 
of  state  was  replaced  with  a  piecewise  linear  model.  In  this  way  King's 
equilibrium  theory  could  be  qualitatively  studied  in  the  light  of  the  back-EMF 
theory  presented  in  chapter  2.  The  basis  for  the  equilibrium  equation  of  state 
was  a  statistical  thermodynamics  calculation  of  the  properties  of  argon.  This 
piecewise  linear  theory  showed  that  the  equilibrium  ionization  rates  are  large 
artd  this  yielded  a  large  electric  field.  This  in  turn  would  permit  large  back- 
EMF’s  and  delay  back-EMF  onset.  This  explains  why  back-EMF  onset  was  not 
observed  in  the  equilibrium  theory  of  King. 


The  quasi-ID  theory  was  then  studied  with  realistic  ionization  rates  in 
Sec. 3. 5.  The  non-equilibrium  theory  showed  that  since  the  reali  tic  ionization 
rates  were  smaller  than  equilibrium  ionization  rates,  onset  by  an  excessive 
back-EMF  would  occur  more  readily  in  the  non-equilibrium  case  than  in  the 
equilibrium  case.  The  equations  of  non-equilibrium  MPD  flow  were  solved  and 
the  results  were  compared  with  the  straight  coaxial  channel  thruster  of  King”. 
It  was  found  that  the  non-equilibrium  theory  predicted  the  shape  of  the 
electric  field  versus  current  characteristics  and  the  onset  limit,  in  agreement 
with  experiment.  Exact  quantitative  agreement  was  not  obtained  because  the 
experiment  did  not  have  a  uniform  mass  flow.  However,  fairly  good 
quantitative  agreement  was  found  within  the  expected  deviations  from  quasi- 
one  dimensionality.  More  experimental  data  with  a  uniform  mass  flow  is 
needed  for  a  more  definitive  comparison. 


The  non-equilibrium  equations  presented  in  this  thesis  are  general  enough 
that  they  could  include  the  effects  of  wall  friction  and  heat  transfer. 
However,  since  the  solution  of  the  equations  becomes  much  more  difficult, 
these  have  been  omitted  as  a  first  approach.  These  results  without  wall 
friction  or  heat  transfer  will  be  used  as  the  free  stream  boundary  conditions 
for  the  boundary  layer  analysis  in  the  next  chapter.  The  boundary  layer  theory 
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will  be  used  to  estimate  wall  shear  and  wall  heat  flux.  This  can  not  only  be 
used  to  calculate  the  drag  force  and  the  total  heat  transferred  to  the  walls, 
but  will  also  indicate  the  importance  of  including  the  wall  friction  and  heat 
transfer  in  quasi-ID  flow.  These  will  be  discussed  further  in  chapters  4  and  5. 
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CHAPTER  4 

BOUNDARY  LAYER  FLOW 


4.1.  INTRODUCTION 

The  previous  chapters  have  focused  on  the  development  of  a  new  theory 
of  onset.  The  predictions  of  this  theory  correlated  well  with  the  measured 
•electrical  characteristics  as  well  as  the  prediction  of  the  onset  limit. 
However,  in  order  to  quantify  onset  further,  it  is  necessary  to  estimate  the 
erosion  rate.  Erosion  of  the  electrodes  may  occur  by  means  of  either 
evaporation  or  sputtering.  In  order  to  estimate  the  erosion  rate  however,  it  is 
necessary  to  consider  the  boundary  layer  in  detail.  To  the  best  of  this 
author's  knowledge,  boundary  layer  flow  in  the  MPD  thruster  has  not  been 
studied  until  now  and  this  work  represents  the  first  such  attempt. 

For  quasi-steady  operation  in  the  MPD  thruster,  the  electrode  temperature 
is  fairly  constant  over  the  entire  length.  For  all  practical  purposes  therefore, 
the  MPD  boundary  layer  flow  may  be  treated  as  a  boundary  layer  with  a 
constant  wall  temperature  and  a  varying  free-stream.  The  electrodes  are  at 
some  temperature  below  the  melting  point  (w  3650  K)  and  this  is  presumed  to 
be  fixed.  Across  the  boundary  layer  the  temperature  can  vary  from  above  1 
ev  in  the  free-stream  to  less  than  %  3650  AT  near  the  wall.  Furthermore,  the 
boundary  layer  is  compressible  because  the  density  varies  considerably  across 
the  boundary  layer  due  to  the  temperature  variation.  A  further  complication  is 
that  because  of  the  presence  of  a  cold  wall  and  the  difference  in  the  masses 
of  various  particles  (ions,  atoms,  and  electrons),  the  plasma  Is  expected  to  be 


a  two  temperature  fluid.  The  ions  and  neutrals  being  very  similar  in  mass, 
would  tend  to  exchange  translational  energy  by  elastic  collisions  more  readily 
amongst  themselves  than  with  the  electrons.  The  presence  of  the  cold  wall 
implies  that  the  heavier  particles  would,  by  colliding  with  the  wall  tend  to 
assume  the  wall  temperature.  Therefore,  the  heavy  particle  temperature  varies 
significantly  across  the  boundary  layer  from  the  free  stream  to  the  wall.  But 
the  electrons  being  negative,  are  repelled  by  the  cathode  sheath  and 
consequently  retain  their  original  kinetic  energy.  Therefore,  their  temperature 
is  not  expected  to  vary  very  much  across  the  boundary  layer.  Hence,  it  is 
expected  that  the  heavy  particles  (ions  and  atoms)  would  have  a  temperature 
different  from  the  lighter  particles  (electrons). 

The  problem  of  calculating  the  heat  transfer  rate  and  wall  shear  in  a 
laminar  boundary  layer  in  a  compressible  flow  is  by  no  means  easy. 
Mathematically  the  problem  of  solving  the  governing  equations  of  Sec.4.2 
reduces  to  the  solution  of  simultaneous  non-linear  partial  differential 
equations.  Physically  the  reason  for  the  complexity  lies  in  the  fact  that  the 
temperature  appearing  in  the  energy  equation  influences  the  density  which  in 
turn  affects  the  momentum  equation.  Thus,  unlike  the  low  speed 
incompressible  case,  it  is  not  possible  to  uncouple  these  equations”. 

Laminar  compressible  boundary  layer  theory  for  a  single  temperature 
fluid,  in  the  absence  of  any  electromagnetic  effects  has  been  summarized  by 
Schlichting33  end  studied  by  several  other  authors34,  36  38,  *\  The  similarity 
behaviour  of  incompressible  boundary  layers  was  first  investigated  by 
Blasius3*.  Pools3*  has  extended  this  similarity  method  to  study  heat  transfer 
in  compressible  laminar  boundary  layers  with  an  adverse  pressure  gradient  and 
an  adiabatic  wall  for  a  Prandtl  number  of  unity.  Poots  uses  the  lllingworth- 
Stewertson  transformation  to  reduce  the  compressible  flow  equations  to 
incompressible  form.  Curie34  has  extended  the  work  of  Poots  to  the  case  of 
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a  fluid  with  a  constant  Prandtl  number  greater  than  0.5  and  in  contact  with  a 
wall  of  constant  temperature.  However,  these  are  not  applicable  for  a  two 
temperature  fluid.  A  detailed  finite  difference  solution  to  the  compressible 
two  temperature  equations  for  a  boundary  layer  adjacent  to  a  non-current 
conducting  surface  has  been  given  by  Liu  et  a/.s*.  Their  solution  considers  an 
ionizing  argon  boundary  layer  in  a  supersonic  flow  over  a  wing.  However  the 
complexity  of  Liu  et  a/.'s  numerical  solution  does  not  permit  ease  of 
applicability  to  design  situations.  A  similar  finite  difference  calculation  has 
been  performed  by  Doss  et  a/.40,  which  deals  with  the  non-equilibrium, 
compressible  boundary  layer  in  a  subsonic  MHD  flow  with  an  applied  and 
constant  magnetic  field.  Again,  the'  numerical  computation  is  tedious. 
Throughout  this  thesis,  the  spirit  of  the  research  has  been  to  develop 
approximate  theories  that  permit  ease  of  solution  while  retaining  the  important 
physics.  This  chapter  will  focus  therefore  on  the  development  of  a  theory 
that  preserves  the  physics  of  the  results  of  Liu  et  el.  but  is  mathematically 
much  simpler.  This  theory  further  differs  from  Liu  et  at.  in  that  it  includes 
electromagnetic  effects.  Nageswara  Rao41  has  recently  studied  the 

incompressible  momentum  boundary  layer  in  an  MHD  channel  and  has  included 
the  Hall  effect.  However,  he  has  neglected  the  energy  equation  and  the 
thermodynamics.  These  assumptions  along  with  the  effect  of  ionization  will 
be  shown  to  be  crucial  in  the  case  of  the  MPD  thruster. 

A  novel  feature  of  the  two-temperature  boundary  layer  that  will  be 
considered  here  is  the  important  role  played  by  ionization  on  the  growth  of 
the  boundary  layer.  It  will  be  shown  in  Sec.4.4  that  the  strong  dependence  of 
the  viscosity  on  the  ionization  fraction  and  the  subsequent  control  of  boundary 
layer  growth  by  the  viscosity,  affect  such  important  quantities  as  the  wall 
heat  flux  and  the  wall  shear.  This  in  turn  affects  the  skin  drag  and  the  heat 
transfer  to  the  electrode,  which  could  have  an  important  effect  on  electrode 
erosion. 
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The  governing  equations  of  the  two-temperature  MPD  compressible 
boundary  layer  are  solved  by  means  of  an  approximate  method.  The 
approximate  method  which  will  be  outlined  in  Sec.4.3,  is  based  on  the  use  of 
the  Howarth-Dorodnitsyn  transformation  in  conjunction  with  the  momentum  and 
energy  integral  method.  The  momentum  integral  equation  of  boundary  layer 
theory  was  first  derived  by  von  Karman42.  The  modern  form  of  this  equation 
was  first  given  by  Gruschwltz41  and  finds  Its  applications  in  the  approximate 
theories  for  both  laminar  and  turbulent  boundary  layers.  Since  then. 
Wieghardt44  has  deduced  an  energy  integral  equation  by  a  similar  approach. 
This  approach  will  be  used  in  this  thesis  to  reduce  the  original  partial 
differential  equations  to  ordinary  differential  equations.  The  success  of  using 
this  scheme  depends  largely  on  finding  self-similar  profiles  for  the  velocity, 
heavy  particle  temperature,  and  ionization  fraction.  The  presence  of  the  cold 
wall  often  destroys  the  applicability  of  this  approach  to  compressible, 
chemically  reacting,  supersonic  boundary  layers.  For  this  reason,  this  approach 
is  used  in  conjunction  with  a  two-temperature  plasma  assumption,  and  the  use 
of  the  Howarth-Dorodnitsyn  transformation.  Self-similar  profiles  are  then 
sought  in  terms  of  the  transformed  Howarth-Dorodnitsyn  transverse  coordinate. 
The  assumption  of  the  two-temperature  plasma  besides  being  realistic,  enables 
the  heavy  particle  fluid  to  be  treated  in  a  fashion  similar  to  the  treatment  of 
constant  Prandtl  number  fluids  of  classical  boundary  layer  theory.  This  allows 
the  use  of  the  momentum  and  energy  integral  methods. 
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The  derivation  of  the  two  temperature,  non-equilibrium,  compressible 
boundary  layer  equations  from  first  principles  for  the  MPD  channel  flow,  will 
be  summarized  in  Sec.4.2.  The  important  assumptions  required  to  simplify 
these  equations  will  also  be  discussed.  Sec.4.3  will  outline  an  approximate 
method  of  solving  these  equations  and  the  results  will  be  given  in  Sec.4.4. 
Sec. 4.5  will  focus  on  a  discussion  of  the  electrical  sheath  near  the  cathode. 
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A  study  of  the  cathode  sheath  is  important  in  determining  the  erosion  rate  by 
evaporation,  which  is  the  prime  motivation  for  considering  the  boundary  layer 
in  detail. 

4.2.  GOVERNING  EQUATIONS 

This  section  will  focus  on  the  development  of  the  boundary  layer 

equations  for  the  plasma  in  the  MPD  thruster.  Using  the  standard  boundary 
layer  assumptions,  the  boundary  layer  equations  for  a  steady,  two-temperature, 
non-equilibrium,  compressible  plasma  will  be  derived  from  the  general 
equations  of  two  temperature  magnetopiasmadynamics.  These  have  been 

described  in  some  detail  by  Kalikhman45.  Kalikhman’s  approach  has  been 

followed  to  derive  the  general  equations  for  MPD  flow,  since  it  is  important 
to  recognize  these  equations  prior  to  making  the  boundary  layer  assumptions. 
These  have  been  rigorously  developed  by  this  author46  from  the  successive 
moments  of  the  generalized  Boltzmann  equation  (i.e.  the  conservation  of  mass, 
momentum,  and  energy).  However,  only  a  summary  will  be  given  here.  Since 
the  development  of  these  equations  is  long  and  tedious,  the  interested  reader 
is  referred  to  the  development  found  in  detail  elsewhere46-  45r  47-  46. 

The  plasma  is  assumed  to  consist  of  neutral  atoms,  single  ions,  and 

electrons.  As  a  first  approach,  the  sheaths  will  be  ignored,  and  the  condition 
of  local  quasi-neutrality  ( n  ■  n)  will  be  assumed  to  hold  everywhere  in  the 
boundary  layer.  The  electrical  resistance  of  the  boundary  layer  is  assumed  to 
be  small  compared  to  the  free  stream,  so  that  the  electrical  characteristics  are 
determined  by  the  free  stream.  Then,  the  governing  equations  for  two 
dimensional  steady  flow  may  be  summarized  as  follows  in  cartesian  tensor 
notation,  with  the  repeated  subscripts  denoting  summation  from  1  to  2: 
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x-momentum  : 
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where  ijh*  i|  is  the  heavy  particle  dynamic  viscosity; 

y-momentum  : 

BP 

—  *  0  for  negligible  Hall  parameter 


BP  B  /  B1  N 

—  ■ - (  - )  for  significant  Hall  parameter 

By  'By^2p/ 

electron  sensible  energy  ;  (translational  mode  only) 
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(4.2.4) 


(4.2.5) 


where  <  >  is  the  energy-weighted  average  momentum  transfer  elastic 

collision  frequency  between  an  electron  and  a  heavy  particle49. 

heavy  particle  sensible  energy  ;  (translational  mode  only) 
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rate  : 
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where  ^lon*  net  production  of  ions  by  inelastic  collisions. 


state  : 


P  -  n/r.  ♦  C/».*/iJ*rM 


(4.2.8) 


where  jk°  is  the  *,h  component  of  the  current  density  vector  of  the  species  a, 
qtt  is  the  /',h  component  of  the  heat  flux  vector  of  species  a,  *  is  the 
cartesian  permutation  tensor,  E%  is  the  k'h  component  of  the  electric  field 
vector,  B  is  the  <7"’  component  of  the  magnetic  field  vector,  u  is  the  /,h 
component  of  the  mass  weighted  local  average  plasma  velocity,  u*uy  is  the 
velocity  in  the  x-direction  or  the  flow  direction,  v  *  t/}  is  the  velocity  in  the  y- 
direction  normal  to  the  electrode  and  transverse  to  the  flow,  U“  is  the  Th 
component  of  the  diffusion  velocity  or  the  average  peculiar  or  thermal 
velocity  of  species  a,  and  the  stress  tensor  FI  a  is  given  by: 
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(4.2.9) 
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where  is  the  viscosity  tensor  for  species  a,  Pa  is  the  partial  pressure 

of  species  a,  and  J(k  is  the  Kronecker  delta.  In  order  to  calculate  the 
transport  properties  and  obtain  the  diffusion  velocity,  it  is  necessary  to  solve 
the  full  Boltzmann  equation  for  the  velocity  distribution  function18, 48  47, 45. 
The  flow  is  assumed  to  deviate  slightly  away  from  equilibrium,  so  that  the 
velocity  distribution  function  is  the  sum  of  the  Maxwell-Boltzmann  distribution 
function  and  a  perturbation.  This  regular  perturbation  solution  has  been 
summarized  by  Kalikhman45  for  the  case  where  electromagnetic  effects  are 
present.  Equations  (4.2.1)  through  (4.2.8)  constitute  a  system  of  6  equations  in 
the  6  unknowns  p,  u,  v,  ,  TH  .  and  a  *  Before  proceeding  with 

any  further  simplifications  or  with  the  solution  of  the  above  equations,  it  is 
necessary  to  summarize  the  assumptions  that  lead  to  these  simplifications: 


•  The  boundary  layer  flow  is  laminar,  steady,  and  two  dimensional. 

•  The  Hall  effect  is  neglected. 

•  The  electrical  characteristics  of  the  boundary  layer  are  determined  by 

the  free  stream.  Therefore,  E  •  constant.  B  *  B^x).  and  /  ■  /^(x). 

•  Radiative  heat  transfer  will  be  neglected  in  this  first  approach.  It 

may  ultimately  be  important  to  include  radiation  effects  as  will  be 
shown  later  in  Sec.4.4. 


•  The  plasma  Is  a  two -temperature  plasma.  The  quantitative  statement 
of  this  is  obtained  from  the  electron  energy  equation  (4.2.5)  by 
comparing  the  ratio  of  the  heat  conduction  (  the  second  term  on 
the  left  hand  side  of  (4.2.5))  to  the  energy  transfer  by  elastic 
collisions  (the  fourth  term  on  the  right  hand  side  of  (4.2.5)).  This 
gives  the  condition48: 


m  L  } 


(4.2.10) 


where  Lm  is  the  mean  free  path  of  the  electron,  and  iT  is  the  boundary  layer 
thickness.  For  a  two  temperature  approach  to  be  valid  therefore,  we  must 
have: 
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•  Axial  diffusion  is  neglected. 


With  these  assumptions  and  some  additional  manipulation1®,  equations  (4.2.1) 


through  (4.2.7)  become: 
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momentum: 
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electron  sensible  energy: 
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where  the  electron  diffusion  velocity  in  the  y  direction,  is  given  by4 
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and  D*  is  the  electron  diffusion  coefficient. 


heavy  particle  sensible  energy: 
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where  a  *  n,/^n,+nA}-  Also,  the  ion  diffusion  velocity  in  the  y  direction,  V .  is 


given  by 
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(4.2.19) 


where  D1  is  the  ion  diffusion  coefficient. 


In  equation  (4.2.19),  the  neutral  concentration  gradient  term  and  the  effects  of 
thermal  diffusion  have  been  ignored  in  order  to  simplify  the  equations.  Thus, 
(4.2.19)  resembles  Fick’s  law  with  an  additional  term  that  is  present  because 
there  is  a  current  being  driven  through  the  plasma. 


The  equations  (4.2.15)  and  (4.2..17)  may  be  simplified  further  with  the  following 
additional  assumptions: 


•  The  electron  temperature,  7#  is  assumed  to  be  fairly  uniform  across 
the  boundary  layer.  This  is  a  reasonable  approximation  and  is 
supported  by  the  work  of  Liu  et  */**.  This  means  that  Tt  —  T  ( x ) 
throughout  the  boundary  layer. 

•  The  ion  ohmic  heating  is  assumed  to  be  negligible.  This  means  that 
the  first  term  on  the  right  hand  side  of  the  heavy  particle  sensible 
heat  enuation,  (4.2.17)  is  neglected. 


The  final  form  of  the  governing  equations  is  then: 
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momentum: 
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electron  sensible  energy: 
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heavy  particle  sensible  energy: 
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where  «  *  n#/(nt+nA)  ,  and  the  ion  diffusion  velocity  in  the  y  direction,  V x  is 
given  by  (4.2.19). 

The  equations  (4.2.19)  through  (4.2.24)  have  been  obtained  after  a  lengthy 
derivation  and  after  making  several  assumptions.  These  equations  will  be 
discussed  next.  A  detailed  critique  of  this  boundary  layer  theory  will  be  given 
in  chapter  5. 

Equation  (4.2.20)  is  the  equation  of  mass  continuity  encountered  in 
standard  compressible  boundary  layer  theory”.  Equation  (4.2.21)  is  the 
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conservation  of  momentum.  it  resembles  the  usual  form  except  for  the 
presence  of  the  electromagnetic  body  force  which  appears  as  a  gradient  of 
the  magnetic  pressure  (see  the  second  term  on  the  right  hand  side  of  (4.2.21)). 
Mathematically,  this  should  pose  no  additional  trouble  since  it  has  the  same 
form  as  the  hydrodynamic  pressure  gradient.  It  is  the  sensible  energy 
equations  (4.2.22)  and  (4.2.23)  that  require  some  clarification.  These  equations 
have  been  referred  to  as  the  sensible  energy  equations  because  they  include 
only  the  translational  part  of  the  total  energy  of  the  particles.  The  energy  in 
translation  is  therefore  the  "sensible"  heat  while  any  internal  mode  such  as 
electronic  excitation  is  referred  to  as  "latent”  heat.  Hence,  equation  (4.2.23) 
would  resemble  the  standard  energy  equation  written  in  terms  of  enthalpy  if 
the  particles  had  no  other  modes  of  energy  storage.  This  is  clear  since  in  the 
presence  of  pure  translation,  the  enthalpy  is  h*5kT/2mA  which  appears  on  the 
left  hand  side  of  (4.2.23).  Equation  (4.2.23)  therefore  resembles  the  classical 
compressible  boundary  layer  equations  with  heat  conduction  and  viscous 
dissipation  (the  third  term  on  the  left  hand  side  of  (4.2.23)),  but  for  the 
presence  of  a  source  term  on  the  right  hand  side.  This  source  term  is  present 
because  the  electron  fluid  and  heavy  particle  fluid  have  been  treated 
separately.  Consequently,  there  appears  a  term  that  couples  the  two  energy 
equations  together.  This  term  which  represents  the  transfer  of  energy  by 
elastic  collisions  between  the  electron  gas  and  the  heavy  particle  gas,  appears 
as  the  source  term  on  the  right  hand  side  of  (4.2.23).  Equation  (4.2.24)  is  the 
familiar  species  conservation  equation  encountered  in  the  field  of 
combustion48,  18,  47.  The  only  difference  is  in  the  expression  for  the  diffusion 
velocities  (4.2.16)  and  (4.2.19)  which  contain  additional  terms  due  to  the 
presence  of  a  current  in  the  plasma.  The  source  term  on  the  right  hand  side 
of  (4.2.24)  represents  the  production  of  ions  due  ro  the  following  reaction: 


A  +  e—  p~  +  e~  +  /1+ 


(4.2.25) 
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The  equations  (4.2.20)  through  (4.2.24)  represent  the  approximate  boundary  layer 
equations  for  the  electrodes  in  the  MPD  thruster.  This  section  has  focused  on 
a  summary  of  a  derivation  of  these  equations  which  are  given  in  detail 
elsewhere45, 4#.  The  next  section  will  focus  on  an  approximate  solution  of 
these  governing  equations. 

4.3.  AN  APPROXIMATE  METHOD  OF  SOLUTION 

This  section  focuses  on  the  description  of  an  approximate  method  of 
solution  to  the  governing  equations  presented  in  Sec.4.2.  A  brief  review  of 
*  existing  approximate  methods  will  be  given  first.  Then,  the  complications  of 
the  electrode-adjacent  boundary  layer  in  the  MPD  thruster  are  briefly 
mentioned,  followed  by  a  detailed  description  of  the  approximate  method 
proposed  herein. 

A  system  of  equations  similar  to  those  presented  in  Sec.4.2  have  been 
solved  by  Liu  et  a/.3*  by  the  use  of  a  finite  difference  technique.  In  this 
section,  a  simpler  but  approximate  sol  'ion  technique  will  be  developed  in 
order  to  solve  equations  (4.2.20)  through  (4.2.24).  Several  authors  have  solved 
systems  of  equations  that  are  similar  to  the  governing  equations  of  Sec.4.2. 
These  will  be  described  briefly.  The  equations  are  particularly  easier  to  solve 
if  the  Prandtl  number  is  either  one  or  constant.  For  a  Prandtl  number  of 
unity,  Poots35  has  studied  heat  transfer  in  laminar  boundary  layers  with  an 
adverse  pressure  gradient  and  an  adiabatic  wall.  Poots  uses  the  lllingworth- 
Stewartson  transformation  to  reduce  the  compressible  flow  equations  to 
incompressible  form.  Curie34  has  extended  the  work  of  Poots  to  the  case  of 
a  constant  wall  temperature  end  an  arbitrary  but  constant  Prandtl  number 
greater  than  0.5.  Emmons  and  Brainerd37  have  developed  a  similarity  solution 
for  a  compressible  boundary  layer  over  an  insulated  plate  at  arbitrary  Prandtl 


numbers.  Such  a  similarity  solution  often  fails  in  the  case  of  a  reacting 
supersonic  boundary  layer  with  a  constant  wall  temperature.  Nageswara  Rao41 
has  recently  studied  the  compressible  boundary  layer  in  a 
magnetohydrodynamic  channel,  but  has  altogether  neglected  the  energy 
equation  and  the  thermodynamics.  These  will  be  shown  to  be  crucial  for  the 
MPD  thruster.  The  method  presented  herein  differs  from  all  the  above  in  that 
a  relatively  easy  approximate  solution  is  found  by  reducing  the  original  partial 
differential  equations  to  ordinary  differential  equations,  and  is  then  solved  by 
using  a  momentum  integral  method.  The  integral  method  has  been 
successfully  used  by  Chan3®  who  does  not  consider  a  reacting  boundary  layer. 
None  of  these  authors  with  the  exception  of  Nageswara  Rao41  have  considered 
electromagnetic  effects.  Hains80  has  considered  electromagnetic  effects  in  a 
constant  conductivity,  non-reacting  compressible  boundary  layer.  He  too  has 
successfully  used  the  integral  method. 

The  problem  of  the  electrode  boundary  layer  in  the  MPD  thruster  includes 
all  the  complications  of  a  classical  compressible  boundary  layer  and  more.  It 
includes  the  additional  effects  of  electromagnetics,  chemical  reaction 
(ionization  and  recombination),  variable  flow  properties,  and  a  constant  wall 
temperature.  The  constant  wall  temperature,  together  with  chemical  reaction 
often  destroy  the  simplicity  of  the  integral  method  because  unlike  the  case  of 
the  adiabatic  wall,  the  temperature  may  not  achieve  its  maximum  at  either  the 
wall  or  the  free  stream.  This  makes  approximate  solutions  very  tricky.  The 
method  proposed  herein  addresses  all  these  complications. 

Simply  stated,  the  integral  method  proposed  here  begins  by  integrating 
the  partial  differential  equations  (4.2.20)  through  (4.2.24)  from  y «  0  to  y*  iT  in 
order  to  eliminate  the  dependence  on  the  transverse  coordinate  y.  The  result 
is  an  ordinary  differential  equation  in  the  axial  coordinate  x  for  certain 
dependent  variables  that  appear  as  integrals  over  the  transverse  coordinate  y. 
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Next,  the  Howarth-Dorodnitsyn  transformation4'  is  used  to  transform  the 
integration  variable  from  y  to  a  variable  (  which  varies  from  0  at  the  wall  to 
1  at  the  edge  of  the  boundary  layer.  This  is  done  in  order  to  eliminate  the 
density  dependence  in  compressible  flow.  Then,  the  integrands  in  the  integrals 
are  assumed  to  be  polynomial  functions  in  terms  of  this  variable  (.  The 
choice  of  the  order  of  these  polynomials  is  not  obvious  but  will  be  discussed 
in  detail  later  in  this  section.  The  differential  equations  are  then 
simultaneously  integrated  from  the  leading  edge  of  the  boundary  layer  to  any 
desired  downstream  location.  The  details  of  this  scheme  are  outlined  by 
Rains80  and  this  author4'. 


Let  us  now  examine  the  integro-differential  equations  obtained  by 
integrating  (4.2.21).  (4.2.23),  and  (4.2.24).  Integrating  these  equations  and 
rearranging,  we  obtain48: 
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where  r  is  the  wall  shear  defined  by: 
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9  is  the  momentum  thickness  defined  by: 
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Next,  the  Howarth-Dorodnitsyn  transformation4*  is  used  to  transform  the 
integration  variable  from  y  to  a  variable  (  which  varies  from  0  at  the  wall  to 
1  at  the  edge  of  the  boundary  layer.  This  is  done  in  order  to  eliminate  the 
density  dependence  in  compressible  flow.  Then,  the  integrands  in  the  integrals 
are  assumed  to  be  polynomial  functions  in  terms  of  this  variable  (.  The 
choice  of  the  order  of  these  polynomials  is  not  obvious  but  will  be  discussed 
in  detail  later  in  this  section.  The  differential  equations  are  then 
simultaneously  integrated  from  the  leading  edge  of  the  boundary  layer  to  any 
desired  downstream  location.  The  details  of  this  scheme  are  outlined  by 
Hains50  and  this  author4*. 


Let  us  now  examine  the  integro-differentinl  equations  obtained  by 
integrating  <4.2.21),  (4.2.23),  and  (4.2.24).  Integrating  these  equations  and 
rearranging,  we  obtain48: 
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where  r  is  the  wall  shear  defined  by: 
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0  is  the  momentum  thickness  defined  by: 
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and  the  subscript  oo  refers  to  free  stream  quantities.  Integration  of  the  heavy 
particle  sensible  energy  equation  (4.2.23)  gives: 
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where  0H  is  the  enthalpy  thickness  defined  by: 
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where  ut  is  the  slip  velocity  at  the  wall.  <y.H>  is  the  energy-weighted 
average  momentum  transfer  electron-heavy  particle  collision  frequency,  and  <7^ 
is  the  heavy  particle  wall  heat  flux  given  by: 
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where  XM  ■  Xion  +  X,,om  is  the  heavy  particle  thermal  conductivity.  The 
integrated  rate  equation  is: 
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where  /*  is  the  ionization  thickness  defined  by: 
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and  n  and  V  are  the  number 
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the  ions  evaluated  at  the  wall. 
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diffusion  velocity  of 


The  general  case  of  velocity  slip,  temperature  slip,  and  ionization  or 
concentration  slip  at  the  wall  have  been  treated48.  However,  in  this  chapter 
only  ionization  slip  will  be  considered.  This  means  that  1/^  =  0  and  T%  =  Tw 
The  ionization  slip  am  which  must  be  supplied  for  the  rate  equation  (4.3.9),  is 
obtained48  by  setting  the  macroscopic  diffusive  mass  flux  at  the  wall  to  the 
random  thermal  mass  flux  at  the  wall: 

D  1 

w 

where  D  1  is  the  ion  diffusion  coefficient  at  the  wall,  E  is  the  electric  field 

W  w 

at  the  wall  which  is  determined  from  overall  current  conservation,  and  <CH>  is 
the  mean  heavy  particle  thermal  speed  at  the  wall.  The  application  of  the 
Howarth-Dorodr.itsyn  transformation  to  the  integrals  enables  the  elimination  of 
density  from  the  integrand.  Thus,  if 
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where  A  is  given  by: 


(4.3.13) 


then,  (4.3.3)  reduces  to: 
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similarly,  the  other  quantities  that  appear  in  terms  of  derivatives  of  y  or  in 
terms  of  integrals  over  y  may  be  transformed  into  derivatives  and  integrals  in 
(.  These  have  been  summarized  elsewhere46. 


Before  the  various  integrals  can  be  evaluated,  it  is  necessary  to  assume 
profiles  for  the  variation  of  the  velocity,  heavy  particle  temperature,  and  the 
ionization  fraction  across  the  boundary  layer.  A  quadratic  profile  for  u  and 
cubic  profiles  for  and  a  in  terms  of  (  are  assumed.  Cubic  profiles  for  TH 
and  a  are  assumed  because  the  maximum  temperature  could  occur  somewhere 
inside  the  boundary  layer,  and  not  necessarily  at  the  wall  as  in  the  case  of  an 
adiabatic  wall.  The  velocity  profile  is  then  completely  determined  by  the 
following  constraints: 
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This  gives: 
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Analogously,  for  the  temperature  and  ionization  fraction: 


(4.3.15) 
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Thus,  the  temperature  and  ionization  profiles  are: 
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where  P4  and  c4  are  coefficients  yet  to  be  determined.  Using  these 
polynomial  forms,  the  integrated  form  of  the  momentum  equation  (4.3.1)  is  a 
differential  equation  for  A,  the  integrated  form  of  the  energy  equation  (4.3.5) 
is  a  differential  equation  for  the  unknown  coefficient  b4,  and  the  integrated 
form  of  the  rate  equation  (4.3.9)  is  a  differential  equation  for  the  coefficient 
c4.  Thus,  the  original  system  of  non-linear  partial  differential  equations  have 
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been  reduced  to  a  system  of  quasi-linear  ordinary  differential  equations.  To 
complete  the  formulation,  conditions  must  be  prescribed  at  x «  0,  the  leading 
edge  of  the  boundary  layer.  These  are  that  the  thicknesses,  A,  9,  ©H,  and  /* 
are  zero  at  the  leading  edge.  Further,  starting  conditions  must  be  specified 
for  i>4  and  c4.  This  can  be  obtained  by  requiring  the  second  derivatives  of  T 
and  a  with  respect  to  (  to  be  2ero  at  the  leading  edge.  This  gives  ct  *  1  and 
*  1  ~  (r^/r^l  at  the  leading  edge.  These  approximate  equations  describing 
boundary  layer  flow  have  been  integrated  using  the  IMSL  subroutine  DGEAR 
which  has  already  been  discussed  in  chapter  3.  The  Gear  algorithm  is  used 
because  of  the  "stiffness"  of  the  system  of  ordinary  differential  equations. 
The  results  of  applying  this  boundary  layer  theory  to  the  electrodes  in  the 
MPD  thruster  will  be  discussed  in  the  next  section. 


In  summary,  an  approximate  solution  to  the  two  temperature  boundary 
layer  theory  of  Sec.4.2  has  been  outlined.  This  approximate  solution  uses  the 
Howarth-Dorodnitsyn  transformation  end  reduces  the  complicated  system  of 
non-linear  partial  differential  equations  to  a  relatively  simpler  set  of  quasi- 
linear  ordinary  differential  equations.  In  the  next  section,  the  solution  to 
these  equations  will  be  given  for  various  conditions  that  may  arise  in  the  MPD 
thruster. 


4.4.  RESULTS  OF  BOUNDARY  LAYER  THEORY 
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The  boundary  layer  equations  have  been  solved  by  the  integral  method 
outlined  in  the  previous  section,  near  the  onset  condition  predicted  by  the 
non-equilibrium  theory  of  Sec. 3. 5.  The  results  of  this  analysis  are  presented 
in  this  section.  The  results  focus  primarily  on  a  mass  flow  rate  of  3  g/sec, 
but  results  for  a  mass  flow  of  6  g/sec  are  also  mentioned.  The  wall  heat  flux 
computed  in  this  section,  will  then  be  used  to  estimate  the  erosion  rate  due 
to  evaporation  at  onset.  The  free  stream  conditions  at  onset  for  a  given 
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mass  flow  rate,  have  been  obtained  from  the  results  of  quasi-ID  non- 
equilibrium  theory.  A  constant  wall  temperature  of  3000  K  is  assumed,  and 
the  heavy  particle  Prandtl  number  is  taken  to  be  «  0.7.  Since  boundary 
layers  usually  begin  at  stagnation  points  or  at  sharp  edges,  the  starting  point 
or  leading  edge  must  be  specified.  The  entrance  region  of  the  MPD  thruster 
is  not  well  understood,  and  it  is  not  clear  what  the  flow  pattern  is  in  this 
region.  Therefore,  for  the  purposes  of  this  analysis,  the  boundary  layer  is 
assumed  to  begin  at  the  inlet.  Since  the  sonic  point  is  very  close  to  the 
inlet,  the  calculation  is  simpler  if  the  leading  edge,  x  *  0  is  taken  to  be  at  the 
sonic  point. 


The  governing  equations  (4.2.20)  through  (4.2.24)  are  then  simultaneously 
integrated  from  x*0  to  x «  L  This  is  done  for  several  different  cases  in 
order  to  examine  the  effect  of  ionization  on  the  boundary  layer  growth.  The 
case  of  a  non-equilibrium  boundary  layer  with  ionization  slip  (i.e.  a w  is 
determined  from  (4.3.11))  with  a  non-equilibrium  free  stream  will  be  considered 
first.  Next,  the  ionizing  free  stream  with  a  frozen  boundary  layer  (i.e. 
a  *  a^lx))  will  be  considered.  Finally,  the  case  of  a  fully  ionized,  frozen  free 
stream  with  a  frozen  boundary  layer  (i.e.  a  *  1  all  across  the  boundary  layer) 
will  be  addressed.  The  mass  flow  of  3  g/sec  will  be  considered  first. 


The  results  of  tne  non-equilibrium  theory  are  summarized  in  Fig.17, 
Fig.18,  Fig. 19,  Fig.20,  Fig. 21,  and  Fig. 22.  Fig.17  shows  the  growth  of  the 
boundary  layer  at  the  cathode.  The  boundary  layer  at  the  anode  is  assumed 
to  be  similar  to  the  cathode,  and  is  plotted  assuming  this  symmetry  for  the  5 
cm.  wide  straight  coaxial  thruster  of  King”.  It  is  found  that  the  bounds  y 
layers  are  relatively  thick  and  actually  merge  at  an  axial  distance  of 
approximately  4  cm.  from  the  leading  edge.  This  surprising  fact  will  be 
discussed  at  length,  later  in  this  section.  The  ionization  fraction  at  the  wall  is 
shown  in  Fig.  18  as  a  function  of  distance.  This  ionization  slip  decreases  with 
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distance  as  expected,  since  the  diffusion  time  increases  as  the  boundary  layer 
thickness  increases  with  distance  along  the  thruster.  Thus,  though  the  free 
stream  ionization  fraction  increases,  it  takes  longer  for  ions  to  diffuse  to  the 
wall  in  order  to  replenish  those  that  are  lost  due  to  recombination.  The 
ionization  fraction,  non-dimensionalized  by  the  free  stream  ionization  fraction 
is  shown  in  Fig.  19  versus  distance,  at  a  location  of  1  cm.  from  the  leading 
edge.  The  bulge  in  the  profile  is  characteristic  of  hot,  high  speed  flows  in 
contact  with  a  cold  wall.  The  constant  electron  temperature  in  the  boundary 
layer  tends  to  ionize  the  plasma,  whereas  the  presence  of  the  cold  wall  drives 
the  plasma  to  recombine.  These  two  opposing  effects  cause  the  maximum 
ionization  fraction  to  occur  somewhere  in  the  middle  of  the  boundary  layer  as 
shown  in  the  figure.  The  non-dimensional  temperature  profile  is  shown  in 
Fig.20.  A  bulge  analogous  to  the  one  observed  in  Fig.  19  is  not  present  1  cm. 
downstream  from  the  leading  edge,  because  the  plasma  flow  velocity  is  not 
high  enough  for  the  viscous  dissipation  to  be  comparable  with  the  heat 
transfer  to  the  wall.  Another  source  of  heating  is  the  energy  transfer  from 
elastic  collisions  with  the  hot  electrons.  This  too  is  not  comparable  with  the 
conductive  heat  transfer  to  the  wall.  Fig.2 1  and  Fig.22  show  the  variation  of 
the  heavy  particle  wall  heat  flux  and  the  wall  shear  stress  respectively.  The 
heat  flux  is  iarge  near  the  leading  edge  of  the  boundary  layer  (x  *  0)  because 
the  boundary  layer  thickness  is  small.  In  fact,  the  heat  flux  is  infinite  exactly 
at  the  leading  edge,  because  of  the  singularity  at  x  *  0.  This  is  of  course 
non-physical,  because  the  boundary  layer  becomes  free-molecular  very  close 
to  the  leading  edge.  Thus,  the  leading  edge  is  a  singularity  only  in  the 
continuum  theory.  The  wall  shear  is  large  when  the  boundary  layer  thickness 
is  small  (since  this  means  that  the  velocity  gradient  at  the  wall  is  large),  and 
then  decreases  as  the  boundary  layer  grows  to  be  thicker.  The  heavy  particle 
wall  heat  flux  exhibits  a  similar  behaviour.  From  classical  boundary  layer 
theory,  both  the  wall  shear  and  the  wall  heat  flux  would  be  expected  to 
decrease  with  increasing  boundary  layer  thickness. 
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The  case  of  the  frozen  boundary  layer  with  an  ionizing  free  stream  will 
be  considered  next.  Again,  the  free  stream  conditions  are  obtained  from  the 
quasi-ID  non-equilibrium  theory  presented  earlier  in  Sec.3.5  since  the  free 
stream  is  assumed  to  be  ionizing.  However,  since  the  boundary  layer  is 
chemically  frozen,  the  ionization  fraction  in  the  boundary  layer  is  the  same  as 
in  the  free  stream  {i.e.  a  ■  throughout  the  boundary  layer).  Furthermore, 
there  is  no  ionization  or  recombination  in  the  boundary  layer.  The  motivation 
for  studying  this  case,  is  to  examine  the  effect  of  varying  ionization  at  the 
wall  {a  )  on  the  viscosity.  The  boundary  layers  in  the  thruster  for  this  case 
are  shown  in  Fig.23.  This  case  differs  from  the  non-equilibrium  case  with  real 
ionization  slip  in  that  the  boundary  layers  do  not  merge,  though  they  are 
appreciably  thick.  The  boundary  layer  thickness  is  seen  to  decrease  near  the 

exit  of  the  thruster,  due  to  the  drastic  variation  of  the  free  stream  conditions 

near  the  exit  (see  Sec.3.6).  The  ionization  fraction  is  identical  to  the  free 
stream  ionization  fraction,  and  has  already  been  shown  in  Fig.  1 5.  The  heavy 
particle  temperature  profile  is  Shown  in  Fig.24  at  four  different  locations,  1 
cm.,  5  cm..  10  cm.,  and  15  cm.  from  the  leading  edge.  The  noticeable  bulge 
in  the  profiles  far  from  the  leading  edge  exists,  because  of  the  opposing 

effects  of  viscous  dissipation  and  heat  transfer  to  the  cold  wall.  This  bulge 

does  not  appear  near  the  leading  edge  because  the  plasma  flow  velocity  is 
small  and  therefore  the  viscous  dissipation  is  small.  Fig.25  and  Fig.26  depict 
the  variation  of  the  heavy  particle  wall  heat  flux,  and  the  wall  shear 
respectively.  The  heat  flux  and  wall  shear  are  seen  to  decrease  with 
increasing  boundary  layer  thickness,  as  expected.  The  magnitudes  of  the  heat 
flux  and  the  wall  shear  are  lower  in  the  frozen  boundary  layer  as  opposed  to 
the  non-equilibrium  boundary  layer  with  ionization  slip,  because  of  the  smaller 
thermal  conductivity  and  smaller  viscosity.  The  viscosity  is  smaller,  because 
the  frozen  boundary  layer  has  a  greater  ionization  fraction  than  in  the  non- 
equilibrium  case.  The  thermal  conductivity  is  smaller  because  the  viscosity  is 


smaller,  and  the  heavy  particle  Prandtl  number  is  fixed.  It  is  evident  by 
comparing  these  cases,  that  the  amount  of  ionization  at  the  wall  is  extremely 
important  in  determining  the  heat  transfer  and  the  wall  shear  because  of  its 
effect  on  boundary  layer  growth. 

A  more  dramatic  illustration  of  the  effect  of  ionization  is  enabled  by 
studying  the  case  of  the  fully  ionized  frozen  boundary  layer.  In  this  instance, 
the  fully  ionized,  frozen,  quasi-ID  flow  of  chapter  2  is  used  to  provide  the 
free  stream  boundary  conditions,  and  the  boundary  layer  is  treated  as  being 
fully  ionized  and  chemically  frozen.  The  results  of  this  calculation  are  shown 
in  Fig.27,  Fig.28,  Fig.29,and  Fig. 30.  The  characteristic  behaviour  of  the  various 
quantities  (i.e.  heavy  particle  temperature,  heavy  particle  wall  heat  flux,  and 
wall  shear)  is  the  same  as  before,  and  has  been  explained  in  the  other  cases 
that  were  considered.  The  magnitudes  of  the  quantities  is  lower  in  this  fully 
ionized  case,  again  because  of  the  lower  viscosity  and  thermal  conductivity. 
This  will  be  addressed  in  detail  next. 

The  heavy  particle  Prandtl  number  has  been  fixed  at  0.7  in  the  boundary 
layer  calculations.  Thus,  if  the  viscosity  is  known,  the  thermal  conductivity 
may  be  calculated  using  the  definition  of  the  Prandtl  number.  The  viscosity 
of  the  plasma  is  primarily  due  to  the  heavy  particles.  Since  the  electrons 
have  a  significantly  smaller  mass  than  the  ions  and  neutrals,  their  contribution 
to  the  viscosity  is  negligible1*.  The  heavy  particle  dynamic  viscosity  is  the 
sum  of  the  ion  viscosity,  and  the  neutral  viscosity.  Since  the  mass  of  the 
ion  differs  from  that  of  a  neutral  only  by  the  mass  of  the  electron,  the  ions 
and  neutrals  will  be  treated  as  having  the  same  mass  in  this  two-temperature 
theory.  Therefore,  at  a  given  heavy  particle  temperature,  the  mean  thermal 
speed  of  the  ions  is  approximately  the  same  as  that  of  the  neutrals.  The 
viscosity  may  then  be  obtained  from  kinetic  theory1*-  4\  as: 
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where  <CH>  is  the  mean  thermal  speed  of  the  heavy  particles,  Z.|H  is  the  mean 
free  path  for  an  ion  colliding  with  other  heavy  particles,  and  iAH  is  the  mean 
free  path  for  a  neutral  colliding  with  other  heavy  particles.  The  mean  free 
paths  for  the  ions  and  neutrals  are  given  by49: 
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where  the  Q's  denote  energy-averaged  momentum  transfer  collision  cross 
sections  between  various  species.  Using  these,  the  definition  of  the  ionization 
fraction  a  *  n/in+nj.  and  quasi-neutrality  nxm  n,  gives  the  following 
expression  for  viscosity  in  terms  of  the  ionization  fraction: 
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where  O  denotes  the  coulombic  ion-ion  cross  section,  G ..  denotes  the  ion- 

ii  tA 

neutral  cross  section,  and  0AA  denotes  the  neutral-neutral  cross  section. 
Typically  for  argon,  0AA  w  I0'19m!,  0|A  %  10'19m7,  and  Ot(  %  10‘,emJ.  It  can 
be  seen  from  (4.4.2)  that  when  a  •  0,  the  viscosity  is  determined  by  0AA.  If 
a  •  1,  then  the  viscosity  is  determined  by  Qu,  which  is  three  orders  of 
magnitude  bigger  than  0AA.  Further,  if  a  <  0.9,  the  viscosity  is  primarily 
determined  by  OiA,  which  is  only  about  an  order  of  magnitude  bigger  than  0AA. 
This  indicates  that  in  order  to  have  very  small  boundary  layer  thicknesses,  the 
boundary  layer  flow  must  be  very  nearly  fully  ionized.  In  fact,  it  is  this 
dependence  of  the  viscosity  on  the  degree  of  ionization  that  has  resulted  in 
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the  relatively  large  boundary  layer  thicknesses  that  have  been  computed.  This 
explains  why  the  non-equilibrium  boundary  layer  grew  so  quickly  as  to  merge 
in  the  middle  of  the  thruster.  The  straight  coaxial  thruster  of  King23  has  been 
described  as  being  "lossy"  compared  to  the  shorter  "benchmark"  thruster  {the 
"benchmark"  thruster  was  less  than  10  cm.  long  whereas  King's  coaxial 
thruster  was  20  cm.  long).  The  non-equilibrium  boundary  layer  theory  appears 
to  explain  why  this  is  so.  The  resulting  dependence  of  the  viscosity  on  the 
ionization  fraction  also  causes  the  heavy  particle  thermal  conductivity  to 
depend  on  the  ionization  fraction  as  well  {this  is  because  the  heavy  particle 
Prandtl  number  is  roughly  constant).  Consequently,  this  is  expected  to  affect 
the  heat  transfer  to  the  electrode. 

Thus  far,  MPD  boundary  layer  flow  has  been  considered  under  the 
assumptions  of  non-equilibrium,  frozen,  and  fully  ionized  flow,  for  a  uniform 
mass  flow  of  3  g/sec.  A  calculation  of  the  non-equilibrium  boundary  layer 
has  also  been  performed  for  a  uniform  mass  flow  of  6  g/sec.  For  this  mass 
flow,  the  boundary  layers  merged  at  approximately  6  cm.,  as  opposed  to  4 
cm.  from  the  leading  edge  for  a  mass  flow  of  3  g/sec.  This  is  to  be 

expected,  since  the  density  is  higher  in  the  higher  mass  flow  case  which 

should  in  turn,  give  smaller  boundary  layer  thicknesses. 

The  boundary  layer  theory  solutions  presented  in  this  section  may  be 
used  to  estimate  the  drag,  as  well  as  the  heat  transfer.  The  heavy  particle 
heat  flux  that  has  been  calculated  in  this  section,  gives  an  idea  of  how  much 
heat  is  transferred  from  the  hot,  flowing  plasma  to  the  wall  by  thermal 
conduction.  A  constant  wall  temperature  of  3000  K  was  assumed  for  this 
calculation.  In  the  next  section,  a  methodology  for  determining  the  cathode 
surface  temperature  will  be  given.  This  electrode  surface  temperature  may 

then  be  used  to  estimate  the  erosion  rate  due  to  evaporation. 
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4.5.  THE  CATHODE  SHEATH 

The  previous  chapters  and  the  previous  sections  of  this  chapter  have 
focused  on  the  development  of  a  new  theory  of  onset,  and  a  means  of 
estimating  the  heat  transfer  to  the  electrodes.  In  this  section,  a  methodology 
for  calculating  the  steady  state  cathode  surface  temperature  using  the  results 
of  Sec.4.4  will  be  given.  The  heat  fluxes  due  to  heavy  particle  heat 
conduction,  electron  bombardment,  ion  bombardment,  electrode  heating  due  to 
ion  recombination  at  the  electrode,  cathode  evaporation,  thermionic  emission, 
radiant  exchange  with  an  anode  at  constant  temperature,  and  heat  transfer  to 
an  externally  supplied  coolant  will  be  considered.  Existing  vapour  pressure 
data  for  tungsten”  may  then  be  used  to  determine  the  evaporation  rate. 

Near  the  cathode,  there  exists  a  layer  where  the  quasi-neutrality 
condition,  n  %  nm  is  no  longer  valid.  This  layer  known  as  a  sheath,  is  of  the 
order  of  a  few  Debye  lengths  which  is  much  smaller  than  the  mean  free  path. 
Consequently,  the  sheaths  may  be  treated  as  being  collisionless.  In  this 
section,  an  electron  retaining  sheath  is  assumed  so  that  incoming  electrons  are 
repelled,  and  incoming  ions  are  accelerated  through  the  cathode  fall.  Such  a 
model  is  necessary  in  order  to  determine  the  number  densities  of  ions  and 
electrons  in  the  sheath.  These  may  then  be  used  in  the  subsequent  cathode 
heat  balance.  This  will  be  discussed  next. 


At  steady  state,  the  total  energy  into  the  cathode  surface  must  equal  the 
total  energy  out.  Any  effects  at  the  root  of  the  cathode  or  at  its  tip  are 
ignored.  Thus,  only  heat  flow  transverse  to  the  cathode  surface  is  considered. 
The  total  energy  into  the  cathode  surface  consists  of  heavy  particle  heat 
conduction,  electron  bombardment,  ion  bombardment,  and  ion  recombination  at 
the  electrode.  The  energy  out  of  the  surface  is  due  to  thermionic  emission, 
evaporation,  radiative  heat  transfer  to  the  anode,  and  any  heat  that  may  be 
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transferred  to  an  externally  supplied  coolant.  For  the  purposes  of  this 
analysis,  the  cathode  is  assumed  to  be  made  of  tungsten,  the  anode 
temperature  is  taken  to  be  a  constant  2000  K,  and  additional  heat  is  assumed 
to  be  removed  from  the  cathode  surface  by  a  coolant  whose  temperature  is 
taken  as  1000  K.  The  radiant  exchange  between  the  cathode  and  the  anode  may 
be  modelled  as  that  between  two  long,  coaxial,  grey  cylindrical  surfaces 
whose  emissivities  are  assumed  to  be  0.4.  Thus,  the  heat  balance  at  steady 
state  for  the  cathode  is: 


enC  2kT  enCV 

-«-*—(  *■*  —  )  •**-*'' '/"n\  4 

*  — —  r)*rA 


5'»lr,c‘-2000‘> 


+  h  (r  -  iooo) 

err  ec  ' 


(4.5.1) 


where  a is  the  heavy  particle  conductive  heat  flux  given  by  (4.3.8),  V  is  the 
cathode  sheath  voltage  drop,  n  is  the  electron  or  ion  number  density  at  the 
sheath-boundary  layer  edge,  C,  is  the  ion  mean  thermal  speed,  C%  is  the 
electron  mean  thermal  speed,  /T|  is  the  thermionic  electron  emission  current 
density.  is  the  cathode  work  function,  T  is  the  cathode  surface 

temperature,  T  is  the  evaporative  mass  flux,  A  is  the  heat  of  sublimation  of 
the  cathode,  <r„  is  the  Stefan-Boltzmann  constant,  and  hrrr  is  the  effective 
heat  transfer  coefficient  between  the  cathode  surface  and  an  external  coolant. 
The  exponential  boltzmann  factor  which  appears  in  the  electron  bombardment 
term  (second  term  on  the  left  hand  side  of  (4.5.1))  displays  the  tendency  of 
the  sheath  to  repel  most  incoming  electrons.  The  cathode  sheath  voltage 
drop,  V  is  calculated  from  the  overall  current  conservation: 
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where  Jqq  is  the  free  stream  current  density.  The  second  term  on  the  left 
hand  side  of  (4.5.1)  represents  energy  addition  due  to  electron  bombardment, 
the  third  term  represents  ion  bombardment,  and  the  fourth  term  represents 
energy  deposition  at  the  cathode  due  to  ion  recombination  at  the  cathode. 
The  four  terms  on  the  right  hand  side  of  (4.5.1)  represent  heat  loss  due  to 
thermionic  emission,  evaporation,  radiant  exchange  with  the  anode,  and  heat 
exchange  with  an  externally  supplied  coolant.  Consequently.  (4.5.1)  is  an 
equation  for  the  unknown  7£c  given  the  heavy  particle  wall  heat  flux,  the 
electron  temperature,  the  total  current  density,  the  electron  number  density  at 
the  edge  of  the  sheath,  and  the  heat  transfer  coefficient  between  the  surface 
and  the  external  coolant.  Once  the  cathode  surface  temperature  is  known,  the 
evaporation  rate  can  be  determined  from  vapour  pressure  data  for  tungsten51. 


For  the  purposes  of  illustration,  equation  (4.5.1)  is  solved  for  the  various 
boundary  layer  assumptions  already  discussed  earlier  in  this  thesis.  For 
present  purposes,  the  cathode  is  assumed  to  be  made  of  tungsten  which  has  a 
work  function  of  4.52  eV.  The  choice  of  the  heat  transfer  coefficient  between 
the  surface  and  the  external  coolant  is  chosen  to  be  whatever  permits  the 
existence  of  a  steady  solution.  Four  cases  are  considered.  The  first  is  a 
cathode  subjected  to  a  non-equilibrium  boundary  layer  with  ionization  slip  for 
a  mass  flow  of  3  g/sec.  The  second  is  that  of  a  cathode  subjected  to  a 
frozen  boundary  layer  with  a  non-equilibrium  ionizing  free  stream,  for  a  mass 
flow  of  3  g/sec.  The  third  case  is  that  of  a  fully  ionized,  frozen  boundary 
layer  with  a  fully  ionized  and  frozen  free  stream  for  a  mass  flow  of  3  g/sec. 
The  fourth  and  final  case  is  that  of  a  non-equilibrium  boundary  layer  with 
ionization  slip  for  a  mass  flow  of  6  g/sec.  These  will  be  discussed  in  the 
subsequent  paragraphs. 
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An  interesting  feature  of  equation  (4.5.1)  is  the  existence  of  two  steady 
state  solutions  for  the  cathode  surface  temperature,  one  of  which  is  a  stable 
operating  point.  The  other  point  is  an  unstable  thermal  runaway  point.  Fig.31 
shows  the  variation  of  the  heat  defect  (i.e.  the  net  heat  Into  the  cathode) 
versus  the  cathode  surface  temperature.  It  is  apparent  that  the  unstable  root 
gives  thermal  runaway  temperatures.  Physically,  this  means  that  if  the  surface 
temperature  increases  just  above  the  value  given  by  the  second  root,  the 
steady  state  energy  balance  (4.5.1)  indicates  a  further  increase  in  temperature 
since  the  only  possible  way  of  losing  energy  is  through  radiation,  thermionic 
emission,  evaporation,  and  heat  transfer  to  an  external  coolant,  all  of  which 
'  increase  with  increasing  temperature.  This  results  in  a  thermal  runaway  with 
eventual  melting  of  the  cathode. 

For  the  first  and  fourth  cases  (i.e  3  g/s  with  slip  and  6  g/s  with  slip 
respectively)  with  external  cooling,  a  stable  steady  state  solution  that  satisfies 
(4.5.1)  and  (4.5.2)  simultaneously,  could  not  be  found.  However,  with  external 
heating  (i.e.  htrT  <  0)  a  stable  steady  state  solution  was  found  in  some  cases. 
A  lower  work  function  did  not  resolve  this  problem  and  did  not  yield  stable 
solutions.  The  variation  of  the  cathode  surface  temperature  for  the  second 
case  for  a  heat  transfer  coefficient  of  ft m  ■  500  W/nf/K  is  shown  in  Fig.32. 
The  surface  temperature  variation  for  this  case  for  a  lower  value  of 
h^r  ■  250  W/mi/K  Is  shown  in  Fig.33.  In  the  third  case  of  the  fully  ionized, 
frozen  boundary  layer,  a  much  higher  cooling  rate  is  required  (corresponding  to 
fttrr  •  3000  W/m3/K)  due  to  the  large  rate  of  ion  and  electron  bombardments. 
The  surface  temperature  variation  for  this  case  is  shown  in  Fig.34.  The 
relative  importance  of  each  of  the  terms  in  (4.5.1)  can  be  seen  from  Fig. 35 
through  Fig.37  for  the  cases  that  have  been  studied.  From  these,  it  can  be 
seen  that  only  the  evaporation  heat  flux  is  negligible,  but  that  all  other  terms 
are  significant  in  determining  the  cathode  surface  temperature.  Using  the 


vapour  pressure  data  for  tungsten"’,  the  evaporative  erosion  rate  has  been 
calculated  and  is  shown  in  Fig.38.  The  erosion  rate  has  been  expressed  in 
terms  of  micrograms  per  coulomb,  which  is  obtained  by  dividing  the 
evaporative  mass  flux  by  the  current  density. 

It  is  evident  from  these  results  for  a  tungsten  cathode  that  a  significant 
amount  of  external  cooling  may  be  required  in  order  to  operate  the  MPD 
thruster  at  steady  state  with  minimal  erosion.  In  reality  cathodes  may  be 
made  of  thoriated  tungsten  or  coated  with  other  substances.  Thoriated 
tungsten  cathodes  would  have  a  lower  work  function  and  thus  a  higher  rate  of 
thermionic  cooling.  However,  judging  from  the  high  heating  rates  observed 
from  the  results  of  the  analysis  in  this  section,  it  appears  that  external 
cooling  may  be  necessary  even  in  the  case  of  a  thoriated  tungsten  cathode  at 
steady  state. 

The  approximate  analysis  of  this  section  is  deficient  in  several  areas. 
Two  such  areas  may  be  mentioned.  Firstly,  the  effect  of  the  sheath  electric 
field  in  lowering  the  work  function  (Shottky  effect)  has  not  been  taken  into 
account.  This  would  tend  to  increase  the  cooling  due  to  thermionic  emission. 
Secondly,  the  transfer  of  heat  by  radiation  to  a  0  K  ambient  through  the  exit, 
may  be  important  in  determining  the  surface  temperature  near  the  exit.  This 
is  of  major  importance  since  the  bulk  of  the  observed  erosion  in  experiments 
has  been  near  the  inlet  and  the  exit. 

From  the  theory  presented  in  this  thesis,  we  may  attempt  to  explain  the 
major  causes  of  the  erosion  in  the  inlet  and  exit  regions.  Near  the  inlet,  the 
boundary  layer  thickness  is  small  and  therefore  the  heavy  particle  conductive 
heat  flux  is  high.  Also,  the  current  density  and  ionization  slip  are  large  in  this 
region.  Consequently,  the  sheath  voltage  drop  and  the  charged  particle  number 
densities  are  large  leading  to  heavy  Ion  end  electron  bombardment.  Near  the 


exit,  the  free  stream  temperature  and  current  density  are  largest.  This  leads 
of  course  to  heavy  electron  and  ion  bombardment  with  a  subsequent  rise  in 
the  surface  temperature  and  evaporation  rate. 


The  simple  heat  balance  given  in  this  section  may  thus  be  used  to 
determine  the  erosion  rate  due  to  evaporation.  Radiation  from  the  plasma, 
which  has  been  neglected  in  (4.5.1)  may  increase  the  erosion  rate  further.  In 
addition  to  this  evaporation  rate,  there  is  erosion  by  sputtering.  The  boundary 
layer  theory  presented  in  the  earlier  part  of  this  chapter  may  also  be  used  to 
determine  sputtering  rates.  A  calculation  such  as  the  one  presented  here  may 
be  ultimately  used  to  predict  thruster  lifetimes. 


This  chapter  has  focused  on  the  development  of  a  boundary  layer  theory 
for  MPD  thrusters,  and  has  culminated  in  an  approximate  semi-empirical  model 
that  may  be  used  in  estimating  erosion  rates  due  to  evaporation.  The  theory 
presented  in  chapters  2  and  3  has  provided  an  understanding  of  onset.  This 
theory,  together  with  the  boundary  layer  theory  of  this  chapter  provides  a 
means  of  quantifying  onset.  The  next  chapter  will  provide  a  summary  of  the 
findings  in  this  thesis,  critique  some  of  the  assumptions  that  have  been  made, 
and  present  recommendations  for  further  work. 


CHAPTER  5 

SUMMARY  AND  CONCLUSIONS 


This  chapter  will  discuss  overall  the  research  that  has  been  performed. 
A  summary  of  the  work  described  in  chapters  1,  2,  3,  and  4  will  be  provided, 
followed  by  an  outline  of  the  contributions  of  this  thesis  to  research  in 
magnetoplasmadynamics.  Next,  a  critique  of  the  assumptions  that  have  been 
made  will  be  given,  and  this  chapter  will  then  conclude  with  recommendations 
for  further  work. 


This  thesis  has  attempted  to  explain  and  quantify  the  life-limiting 
phenomenon  of  onset  in  MPD  thrusters.  Onset  refers  to  the  severe  electrode 
erosion  accompanied  by  voltage  oscillations  that  occurs  at  a  critical  value  of 
the  total  current,  for  a  fixed  mass  flow  during  quasi-steady  operation.  For  the 
first  time,  fully  ionized,  chemically  frozen  MPD  flow  has  been  considered  in 
chapter  1.  This  has  revealed  several  interesting  points.  Firstly,  it  has  been 
found  that  the  MPD  flow  is  parametrized  by  a  non-dimensional  quantity  S'.  the 
magnetic  force  number.  Secondly,  it  has  been  shown  that  S*  is  related  to  the 
onset  parameter  J7/rh  which  is  used  to  characterize  onset  experimentally. 
Examination  of  the  quasi-ID  MPD  equations  has  yielded  the  result  that  the 
electric  field  necessary  for  a  smooth  transition  from  subsonic  to  supersonic 
flow  is  determined  by  a  choking  condition  (Sec. 2. 3).  Further  study  of  the 
equations  has  yielded  a  limit  on  S'  based  on  Ohm's  law.  This  is  the 
requirement  that  the  electric  field  be  sufficient  to  draw  all  the  applied  current. 
Thus  for  steady  flow,  it  has  been  found  that  the  electric  field  must 
simultaneously  satisfy  the  choking  condition  end  Ohm's  law.  It  has  been 
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found  that  this  could  be  satisfied  for  steady  flow,  only  for  S*  below  a  certain 
value.  This  limit  of  S’  corresponds  to  the  operating  point  where  the  back-EMF 
becomes  comparable  to  the  electric  field.  For  a  fixed  mass  flow,  this  can  be 
translated  to  a  critical  value  of  the  total  current.  This  limit  is  referred  to  as 
back-EMF  onset,  and  has  been  further  explained  in  terms  of  the  length 
constraint  from  Ampere's  law,  in  Sec. 2.5.  This  new  mechanism  of  onset  is 
different  from  existing  anode  starvation  theories,  because  it  has  been  shown 
in  recent  experiments1*  that  mass  injection  at  the  anode  has  a  major  effect  on 
the  predictions  of  these  theories.  However,  such  mass  injection  would  have 
no  effect  on  the  back-EMF  onset  theory.  Furthermore,  the  back-EMF  onset 
-appears  in  the  steady  state,  as  opposed  to  other  existing  unsteady 
theories1*  14.  The  onset  condition  obtained  from  the  frozen  flow  theory  has 
been  shown  to  correlate  well  with  the  experimental  data  of  Malliaris  et  a/*. 
The  back-EMF  onset  has  also  been  shown  to  affect  the  efficiency.  For 
efficient  thruster  operation,  it  has  been  shown  that  it  is  necessary  to  operate 
in  a  regime  where  back-EMF  onset  is  important. 

Quasi-one  dimensiona1  MPD  channel  flow  has  been  considered  under  the 
equilibrium  and  non-equilibnum  assumptions,  in  chapter  3.  This  has  been  done 
in  order  to  examine  the  effects  of  non-zero  ionization  rates  on  back-EMF 
onset  The  equilibrium  flow  theory  of  King  et  a/.1  has  been  qualitatively 
studied  usmg  a  piecewise  linear  model.  The  results  of  this  analysis  show  that 
the  eiectnc  field  is  strongly  dependent  on  the  ionization  rate  at  the  sonic 
po  nt.  The  ionization  rate  is  highest  for  equilibrium  flow,  and  therefore  this 
veids  significantly  higher  electric  fields  than  for  frozen  flow.  This  higher 
electric  field  permits  a  higher  beck-EMc,  and  thereby  delays  back-EMF  onset. 
This  explains  why  King  et  el  did  not  find  any  evidence  of  back-EMF  onset  in 
their  equilibrium  flow  theory  over  the  range  of  parameters  they  studied.  The 
electric  field  dependence  on  the  ionnanon  rate  (see  Sec. 3. 3)  prompted  the 
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consideration  of  more  realistic  ionization  rates,  under  the  non-equilibrium 

assumption.  The  non-equilibrium  theory  has  not  only  predicted  the  onset  limit, 
but  has  also  predicted  current  versus  voltage  characteristics  in  agreement  with 
the  experiments  of  King*1,  within  the  limits  of  quasi-one  dimensionality.  Back- 
EMF  onset  appears  as  the  failure  of  a  steady  solution  to  exist  at  a  critical 
value  of  the  current,  for  a  fixed  mass  flow.  This  is  due  to  the  conflict 

between  the  electric  field  required  to  sustain  a  supersonic  flow  in  the  thruster, 
and  the  electric  field  necessary  to  draw  all  the  applied  current.  Finally,  the 
quasi-ID  flow  has  been  considered  by  partially  including  the  effects  of  wall 
friction,  and  heat  transfer.  It  has  been  shown  by  examining  the 

magnetoplasmadynamic  choking  condition,  that  heat  transfer  may  delay  back- 
EMF  onset  while  wall  friction  may  cause  it  to  occur  sooner. 

The  quasi-ID  MPD  channel  flow  theory  developed  in  chapters  2  and  3, 
have  been  utilized  to  obtain  the  free  stream  boundary  conditions  for  an 
analysis  of  the  electrode-adjacent  boundary  layer.  The  governing  equations  of 
the  boundary  layer  in  a  two  temperature  plasma,  have  been  rigorously  derived 
from  non-equilibrium  kinetic  theory.  Following  the  approach  of  Kalikhman45 

these  have  been  obtained  by  taking  successive  moments  of  the  Boltzmann 
equation.  The  boundary  layer  equations  have  been  solved  using  an 

approximate  momentum  and  energy  integral  method,  neglecting  the  electrode 
sheaths.  This  has  enabled  an  approximate  calculation  of  the  wall  shear  and 
the  heat  transfer  to  the  electrode.  The  most  significant  result  of  the  boundary 
layer  research  has  been  to  show  the  strong  dependence  of  the  viscosity  on 
the  ionization  fraction  at  the  wall.  This  affects  such  relevant  quantities  as 
boundary  layer  thickness,  wall  shear,  and  wall  heat  flux.  This  calculation  has 
then  been  used  to  estimate  the  erosion  rate  due  to  evaporation  .  The  work  in 
this  thesis  has  .hus  provided  the  outline  of  a  systematic  method  for  predicting 
thruster  lifetimes.  Though  only  the  erosion  due  to  evaporation  has  been 


addressed  here,  erosion  due  to  sputtering  may  be  estimated  by  using  existing 
semi-empirical  models51, 51  in  conjunction  with  the  boundary  layer  theory 
developed  here. 


The  accomplishments  of  this  thesis  may  be  summarized  as  follows: 

•  The  first  non-equilibrium  self-field  MPD  theory  to  predict  onset  due  to 
an  excessive  back-EMF  at  high  currents,  has  been  developed. 

•  For  the  first  time,  the  electrode-adjacent  boundary  layer  in  MPD  flow 
has  been  studied.  The  governing  equations  for  a  two-temperature 
non-equilibrium  plasma  boundary  layer  have  been  derived  from  first 
principles.  The  effects  of  wall  friction  and  heat  transfer  to  the 
wall,  have  been  quantified  through  the  boundary  layer  analysis  for 
the  MPD  thruster.  These  may  be  used  to  refine  the  quasi-ID  theory 
that  has  been  developed. 

•  The  importance  of  considering  detailed  thermodynamics  (  Ionization  and 
recombination  )  has  been  firmly  established.  The  importance  of  non¬ 
equilibrium  ionization  in  determining  the  appearance  of  back-EMF 
onset,  and  in  determining  boundary  layer  growth  has  been 
established.  This  work,  like  King  et  a/.7  shows  the  significance  of 
considering  conservation  of  energy. 

•  The  Howarth-Dorodnitsyn  integral  method  has  been  applied  for  the 
first  time  In  the  case  of  a  two  temperature  non-equilibrium  plasma 
boundary  layer.  The  approximate  solution  has  been  used  to  compute 
the  wall  shear  and  the  wall  heat  flux. 


The  complexity  of  MPD  flow  has  prompted  the  use  of  simplifying 
assumptions.  As  a  result,  some  of  the  effects  that  have  been  left  out  in  the 
present  theory,  ought  to  be  included  in  a  more  detailed  calculation.  These  will 
be  addressed  next,  and  a  critique  of  the  assumptions  that  have  been  made  in 
the  present  theory  will  be  discussed. 


The  theory  presented  in  this  thesis  is  a  steady  theory  that  enables  a 
calculation  of  the  erosion  rates,  in  order  to  quantify  MPD  thruster  lifetimes. 
However,  onset  is  not  only  characterized  by  high  erosion  rates,  but  also  by 
large  voltage  oscillations.  This  steady  theory  does  not  even  attempt  to  study 
the  conditions  beyond  onset.  Therefore,  if  one  is  interested  in  predicting 


either  the  frequency  of  the  voltage  oscillations  or  the  nature  of  the  flow 
beyond  onset,  then  the  unsteady  behaviour  must  be  incorporated  into  the 
theory.  This  of  course,  would  significantly  complicate  the  relatively  simple 
method  of  solution  proposed  in  this  thesis. 


Another  weakness  of  the  boundary  layer  theory  presented  here,  is  the 
assumption  of  laminar  flow.  It  is  not  clear  at  this  time  whether  the  MPD 
boundary  layer  is  laminar  or  turbulent.  Nor  is  it  clear  at  what  Reynold's 
number  the  MPD  flow  would  become  turbulent.  This  is  of  course  assuming 
that  the  concept  of  a  critical  Reynold's  number,  and  a  continuum  boundary 
layer,  are  valid.  These  will  be  addressed  in  greater  detail  shortly. 


Perhaps  two  of  the  weakest  assumptions  made  here,  have  been  those  of 
a  scalar  conductivity,  and  the  neglect  of  radiative  heat  transfer.  Both  effects 
have  been  neglected  in  order  to  simplify  an  otherwise  complicated  problem. 
According  to  King13,  the  Hall  effect  may  not  be  negligible  in  some  regions  of 
the  thruster.  Inclusion  of  the  full  Hall  effect  would  render  the  free  stream 
flow  two-dimensional.  It  is  possible  however,  to  partially  include  the  Hall 
effect  in  a  quasi-ID  theory  for  a  long,  slender  channel,  by  means  of  a  tensor 
conductivity33,  ’■ 4*.  Inclusion  of  the  Hall  effect  would  also  render  the 
assumption  of  negligible  ion  ohmic  heating  in  the  heavy  particle  sensible 
energy  equation,  to  be  invalid.  Radiation  from  the  hot  plasma  to  the  wall  may 
also  be  important  for  determining  the  heat  transfer  to  the  electrodes.  It  is 
not  clear  whether  the  plasma  is  optically  thin  or  thick.  It  is  most  likely  in  a 
region  between  optically  thin  and  thick,  which  makes  the  incorporation  of 
radiation  into  the  flow  equations  rather  difficult.  However,  the  method  that 
has  been  presented  in  this  thesis  is  sufficiently  robust,  that  the  radiation 
effects  may  be  partially  modelled  by  assuming  an  optically  thick  gas  with  an 
effective  radiative  conductivity.  The  inclusion  of  radiation  would  most  likely 
lead  to  increased  ionization  fractions  near  the  walls,  and  thereby  reduce  the 
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wall  shear  and  wall  conductive  heat  flux  by  reducing  the  viscosity  and  the 
thermal  conductivity.  However,  there  would  be  an  additional  heat  transfer  to 
the  wall  because  of  the  radiative  interaction  between  the  plasma  and  the 

walls.  It  may  therefore  enhance  the  overall  erosion  rate. 

The  assumption  of  a  two  temperature  plasma  is  perhaps  the  most 
realistic  of  all  the  assumptions.  There  is  however,  a  possibility  that  the 

plasma  is  a  three  temperature  fluid  near  the  entrance  to  the  thruster.  This 
could  affect  the  simple  theory  presented  here.  The  assumption  of  a  uniform 
electron  temperature  across  the  boundary  layer  is  realistic  and  is  supported  by 
the  work  of  Liu  et  a/.3*.  Inclusion  of  the  electron  sensible  energy  equation 
with  a  varying  electron  temperature,  is  not  expected  to  alter  the  results  in  this 
thesis  significantly.  Furthermore,  the  plasma  in  the  free  stream  and  the 

boundary  layer,  has  been  assumed  to  consist  of  electrons,  neutral  atoms,  and 
single  ions  only.  The  presence  of  second  ions  (or  doubly  ionized  atoms) 
could  have  a  major  effect  on  the  erosion  rate  by  sputtering.  Since  double 
ions  have  twice  the  charge  of  single  ions,  they  would  be  acted  upon  by  twice 
the  electromagnetic  force  (which  •  is  proportional  to  the  charge).  Any 
appreciable  number  of  double  ions  present  near  the  electrodes  could  therefore 
contribute  significantly  to  erosion  by  sputtering. 

Since  this  is  the  first  time  that  the  Howarth-Oorodnitsyn  integral  method 
has  been  applied  to  the  case  of  a  compressible,  non-equilibrium,  two 
temperature  plasma  boundary  layer  with  electromagnetic  effects,  the  accuracy 
of  the  results  may  be  questionable.  This  is  because  no  extensive  direct 
comparison  has  yet  been  made  between  the  approximate  solution  given  here 
and  existing  numerical  solutions,  for  various  situations. 

Finally,  the  boundary  layer  itself  may  or  may  not  exist  as  a  continuum. 
From  the  free  stream  to  the  wal',  the  nature  of  the  flow  may  change  from  a 
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continuum  flow  to  either  a  rarefied  flow  or  to  one  that  is  in  transition.  This 
is  evident  upon  examination  of  the  heavy  particle  mean  free  paths  given  in 
Sec.4.4.  For  fully  ionized  flow  <«  ■  1),  the  ion-heavy  particle  mean  free  path  is 
of  the  order  of  10'em,  which  is  significantly  smaller  than  any  characteristic 
length.  The  fluid  therefore  behaves  as  a  continuum.  However,  if  the  flow  is 
weakly  ionized  {«  %  0),  the  neutral-heavy  particle  mean  free  path  is  of  the 
order  of  millimeters.  This  is  only  about  one-fiftieth  of  the  MPD  channel 
height,  and  comparable  to  the  boundary  layer  thickness.  The  fluid  in  this  case, 
may  either  be  in  a  transition  regime  or  in  a  rarefied  free-molecular  regime. 
The  flow  in  the  MPD  thruster  could  thus  involve  continuum,  transition,  and 
free-molecular  behaviour. 


The  critique  of  the  present  work  which  has  just  been  outlined,  naturally 
leads  to  some  prospects  for  future  work.  Some  of  the  effects  which  have 
just  been  described  that  have  been  left  out  in  the  current  theory,  may  be 
incorporated  rather  easily.  Some  others  may  not.  However,  there  may  be 
ways  to  partially  account  for  these  effects.  The  recommendations  for  future 
work,  whether  or  not  as  an  extention  of  this  work,  will  be  discussed  next. 

The  presence  of  double  ions  in  the  quasi-ID  MPD  flow,  may  be  modelled 
in  a  rather  straightforward  manner.  This  would  merely  involve  the  introduction 
of  a  second  ionization  fraction,  a,.,  and  a  corresponding  rate  equation  to 
describe  the  production  and  depletion  of  double  ions  from  single  ions.  The 
equation  of  state  would  also  have  to  be  modified  to  include  second  ions. 
This  is  a  relatively  direct  extension  of  the  theory  described  in  Sec.3.5  and 
Sec.3.6.  The  method  of  solution  would  also  be  identical  to  the  one  already 
described  In  Sec.3.6.  The  inclusion  of  second  ions  would  provide  more 
realists  exit  temperatures  and  velocities. 

The  effects  of  wall  friction  and  heat  transfer  may  also  be  approximately 
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studied,  by  solving  the  governing  equations  of  Sec, 3.7.  As  a  first  approach, 
the  drag  coefficient  CQ,  and  the  heat  transfer  coefficient  /»c  may  be  treated  as 
parameters.  The  present  boundary  layer  theory  results  have  indicated  that  the 
wall  friction  may  have  a  significant  effect  on  the  quasi-ID  MPD  flow.  This 
effect  could  be  approximately  quantified  using  such  a  parametric  analysis.  Of 
course,  the  equations  of  Sec. 3. 7  cannot  be  reduced  to  algebraic  form  as  in 
Sec.3.5  and  Sec.3.6.  This  is  because  the  presence  of  the  wall  friction  and  heat 
transfer  terms  necessitates  a  numerical  integration  of  the  momentum  and 
energy  equations,  as  well  as  the  rate  equation. 


The  effect  of  varying  channel  geometry  is  another  extension  of  the 
quasi-ID  theory  presented  in  this  thesis.  The  solution  of  the  quasi-ID 
equations  with  varying  area,  should  be  no  more  difficult  than  solving  the 
quasi-ID  MPD  flow  with  wall  friction  and  heat  transfer.  This  would  be  useful 
for  designers  to  determine  which  channel  geometry  may  provide  the  best 
acceleration  characteristics. 


Once  the  effects  of  wall  friction,  heat  transfer,  and  varying  channel 
geometry  have  been  investigated  and  understood,  the  boundary  layer  solution 
presented  here  should  be  extended  to  partially  include  the  effect  of  plasma 
radiation.  This  may  be  done  by  considering  the  assumptions  of  an  optically 
thin  and  an  optically  thick  plasma.  A  proper  study  of  the  plasma  radiation 
problem  is  however  extremely  complicated,  and  may  require  the  approach  of 
Holstein54,  85  If  the  plasma  is  neither  optically  thin,  nor  optically  thick. 
However,  the  coefficients  In  the  optically  thin  and  thick  cases  may  be  varied 
as  parameters,  in  order  to  estimate  the  Importance  of  radiation.  Plasma 
radiation  may  affect  not  only  the  heat  transfer  to  the  walls,  but  also  the  wall 
friction  since  the  ionization  fraction  at  the  wall  may  increase  due  to  additional 
heating  from  the  hot  plasma.  The  approximate  methods  of  Sec.4.3  may  still 
be  applied  in  the  case  of  an  optically  thin  or  thick  plsama,  but  its  accuracy 
would  have  to  be  checked  against  any  existing  numerical  solutions. 
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Art  effect  that  complicates  the  theoretical  calculations,  but  may 
nevertheless  be  important  in  MPD  thrusters,  is  the  Hall  effect.  The  Hall  effect 
causes  the  electromagnetic  part  of  the  problem  to  be  two-dimensional,  and 
introduces  the  notion  that  the  electrical  conductivity  is  a  tensor.  Thus,  the 
current  density  and  electric  field  vectors  cease  to  be  colinear.  However,  the 
Hall  effect  should  not  be  incorporated  at  the  expense  of  the  detailed 
thermodynamics,  as  has  been  done  by  several  authors'-  13-  ,e.  It  is  this  author’s 
belief  that  had  the  detailed  thermodynamics  been  included  in  these  partial  Hall 
effect  theories,  they  would  have  resulted  in  the  prediction  of  the  back-£MF 
onset  that  has  been  described  here.  However,  the  inclusion  of  the  Hall  effect 
is  expected  to  destroy  the  simplicity  of  the  solution  procedures  outlined  in 
this  thesis. 


A  major  phenomenon  not  included  in  the  boundary  layer  analysis 
presented  here,  is  the  effect  of  electrode  sheaths.  The  inclusion  of  sheaths 
would  be  of  prime  importance  in  a  calculation  of  electrode  erosion  by 
sputtering.  This  is  because  the  analysis  of  the  sheaths  would  provide  the 
voltage  drop  in  this  region  close  to  the  electrode.  The  sign  of  this  voltage 
drop  would  determine  to  what  extent  the  ions  would  bombard  the  electrode 
material.  For  an  estimate  of  the  erosion  rate  due  to  evaporation  however,  this 
may  not  be  that  important.  The  omission  of  sheaths  may  not  be  that 
important  at  high  power  since  the  voltage  drop  is  typically  less  than  20%  of 
the  terminal  voltage. 


Once  the  above  effects  are  at  least  qualitatively  understood,  the  more 
difficult  problem  of  the  entrance  region  of  the  thruster  should  be  studied. 
Virtually  nothing  is  known  about  this  region.  The  injection  of  different 
amounts  of  mass  at  the  cathode  and  anode’*  has  been  shown  to  have  a  major 
impact  on  the  anode  sheath  reversal  theories.  This  will  not  have  any  impact 
on  the  back-€MF  theory  presented  here.  However,  in  order  to  verify  the 
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assumptions  and  predictions  of  the  back-EMF  theory,  some  detailed 
diagnostics  or  analysis  of  the  inlet  Is  necessary.  The  entrance  region  for  the 
present  designs  is  very  much  two-dimensional,  which  complicates  the  analysis. 
The  study  of  the  entrance  region  would  not  only  provide  useful  verification  of 
back-EMF  onset,  but  may  also  provide  some  information  on  the  erosion  of  the 
insulator  back  plate.  At  present,  there  is  not  much  understanding  of  why  this 
occurs. 


This  work  has  indicated  that  though  several  phenomena  may  be  important 
in  the  MPD  thruster,  the  thermodynamics  of  ionization  is  perhaps  one  of  the 
.  most  important.  An  improvement  over  the  current  state  of  the  art  should 
therefore  not  be  made  at  the  expense  of  ignoring  the  importance  of  ionization. 
It  is  also  clear,  that  some  more  carefully  designed  experiments  are  necessary 
to  enable  a  more  positive  comparison  between  the  back-EMF  theory  and 
experiment.  Firstly,  it  would  be  useful  to  repeat  the  experiments  of  Barnett15 
on  King's  straight  coaxial  thruster,  or  on  another  smooth  geometry.  Secondly, 
a  better  comparison  between  the  quasi-ID  theories  and  experiment  could  be 
made  if  the  mass  flow  to  the  thruster  were  more  uniform5®.  Finally,  more 
experimental  information  on  the  entrance  and  choking  regions  would  be 
invaluable. 
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Figure  2:  Schematic  of  plane-parallel  geometry 
The  plane-parallel  electrode  geometry  etudied  In  this  paper  is  analogous 
to  the  co-axial  geometry  used  In  experiments.  The  above  diagram  shows  the 
relative  orientation  of  the  flow  velocity,  u,  the  current,  J.  the  electric  field,  E, 
and  the  magnetic  field.  B.  The  channel  has  a  length  L  in  the  flow  direction 
and  a  width  W.  The  electrodes  are  separated  by  a  distance  H. 
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APPENDIX  F:  Unsteady  Flow  Modeling 


This  Appendix  consists  of  Chapter  7  from  the  Ph.D.  'Thesis  of 
Ed  Richley.  This  chapter  described  an  unsteady  two-temperature 
flow  simulation  of  an  MPD  thruster. 
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7.  MPD  (  Predictions  for  a  Newer  Problem  ) 

7.1  Introduction 

This  chapter  is  concerned  with  the  development  of  another  simulation  type.  The 
system  to  be  simulated  is  known  as  a  Magneto-Plasma-Dynamic  (MPD)  thruster60. 
These  thrusters  are  under  development  for  possible  use  as  space  vehicle  propulsion 
units  and  are  of  interest  because  of  their  high  exit  velocity. 

An  MPD  thruster  is  basically  an  electric  discharge  in  a  low  pressure  fluid.  Its 
operation  is  based  on  the  interaction  of  the  discharge  current  with  its  own  self- 
induced  magnetic  field.  The  typical  coaxial  geometry  of  an  MFD  device  is  shown  in 
Fig.  7.1.  The  power  supply  is  assumed  to  be  positioned  off  to  the  left  and 
configured  in  such  a  way  as  to  introduce  no  asymmetry  into  the  magnetic  field. 
The  Lorentz  force  is  able  to  produce  flow  velocities  much  larger  than  the  sonic 
speeds  obtainable  with  conventional  chemical  rockets.  Since  it  involves  an  electric 
discharge,  the  governing  equations  for  an  MPD  device  are  very  similar  to  those  for 
the  previously  described  wall  stabilized  arc.  However,  the  boundary  conditions, 
geometry,  and  operating  conditions  are  all  extremely  different 

7.2  Modifications  to  the  Equations 

As  in  the  case  of  RadialArc,  a  one-dimensional  non-equilibrium  model  called  “MPD" 
has  been  created.  In  this  model,  all  fluid  properties  are  considered  to  be  uniform 
with  radial  position,  but  are  allowed  to  vary  in  the  axial  direction  The  non¬ 
equilibrium  equations  considered  by  simulation  type  "MPD”  are  very  similar  to  those 
of  RadialArc.  There  are.  however,  several  important  differences.  The  most  significant 
difference  is  the  presence  of  an  important  magnetic  field  term.  This  can  be  included 
by  modifying  the  pressure  to  include  the  magnetic  pressure  derived  from  the  self- 
induced  magnetic  field.  Thus,  instead  of  considering  only  the  gradient  of  kinetic 
pressure,  the  momentum  equation  now  contains  a  modified  term: 


jt  (/* v )  ♦  Vo^v  v)  *  -  V(p  + 


where  B  is  the  magnetic  flux  density. 

This  Lorentz  force  acts  directly  on  the  electron  gas  so  as  to  accelerate  electrons 
downstream.  The  plasma,  however,  reacts  with  an  internally  generated  electric  field 
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Fig.  7.1;  Geometry  of  a  Typical  MPD  Thruster 
so  as  to  prevent  any  net  electric  current  in  the  flow  direction.  Thus,  as  with  the 
diffusion  modal  used  in  RadialArc,  electrons  are  retarded  by  this  internally  generated 
field,  while  ions  are  accelerated  The  Lorentz  force,  then,  must  be  included  in  the 
diffusion  model  as  a  body  force  acting  on  the  electrons.  Eq.  (2.9)  becomes: 
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where  Jr  is  the  total  transverse  electric  current,  and  Jry  is  the  transverse  electric 
current  of  species  7.  ^  Is  assumed  to  be  only  non-zero  for  electrons.  Electrons  In 
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this  model  «ri  being  accelerated  in  the  positive  x  direction  via  the  Lorentz  force, 
and  decelerated  by  the  internally  generated  electric  field  (EJ  and  collisions  with 
heavy  particles. 


The  Lorentz  force  always  acts  perpendicular  to  the  instantaneous  direction  of 
motion  of  electrons  and  so  can  contribute  no  energy  to  the  electron  gas.  However, 
the  retarding  field  provides  a  body  force  which  acts  on  both  the  electron  and  heavy 
gases  and  contributes  to  the  energy  balance  of  both.  The  effects  of  this  body 
force  appear  as  equal  and  opposite  additional  terms  in  both  the  electron  energy 
conservation  equation  and  the  heavy  particle  energy  conservation  equation  This  term 
is: 


q  n  (v  +  v_  IE  (7.3) 

where  Ek  is  the  axial  internally  generated  electric  field  This  field  is  automatically 
calculated  during  the  diffusion  velocity  calculation  if  the  model  discussed  in  2.3.3  is 
used  (with  the  modifications  of  Eq.  (7.2).  The  term  of  Eq.  (7.31  is  added  to  the 
electron  energy  equation  and  subtracted  from  the  heavy  energy  equation  The  effect 
will  be  to  reduce  the  energy  of  the  electron  gas  and  increase  the  energy  of  the 
heavy  gas.  Thus,  the  internally  generated  electric  field  provides  an  additional 
mechanism  for  energy  exchange  between  the  two  fluids. 

It  has  been  determined  that  the  energy  conservation  equations  should  be  cast  in  a 
modified  form  when  flow  is  supersonic.  This  form  is  obtained  by  ignoring  the 
kinetic  energy  of  the  electrons,  and  by  using  a  kinetic  energy  equation  as  discussed 
in  appendix  B  to  alter  the  form  of  the  heavy  energy  equation  After  these  steps,  the 
energy  conservation  equation  for  the  electrons  is: 
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where  the  pressure  grsdient  term  accounts  for  the  kinetic  energy  of  the  heavy  gas. 

Furthermore,  in  order  to  calculate  this  magnetic  field,  some  form  of  Ampere's  law 
must  be  included  In  fact  the  entire  electric  and  magnetic  field  situation  is  quite 
different  in  MPD.  The  voltage  across  the  electrodes  can  be  considered  uniform 
along  the  axis  (although  it  is  allowed  to  change  in  time).  In  reality,  for  non-planar 
geometries,  the  electric  field  will  vary  with  radial  position  as  well  as  axial  position. 
However,  an  approximation  is  used  to  retain  the  one-dimensional  nature  of  the 
problem  by  letting  the  field  be  uniform  between  the  electrodes.  Thus,  the 
transverse  electric  field  is  assumed  to  be: 


where  D(x|  is  the  channel  width,  V  is  the  thruster  voltage,  and  Ef(x)  is  the  local 
transverse  electric  field.  Once  the  local  electric  field  has  been  determined,  the 
transverse  electric  current  density  is  easily  determined  from  Ohm's  law. 


jf(x)  *  <r(x)^Ef(x)  -  (v(x)*vD#(x))0(x)) 


where  jf(x)  is  the  transverse  electric  current  density,  and  v  is  the  local  electrical 
conductivity.  In  this  model  the  induced  EMF  is  calculated  with  the  total  speed  of  the 
mobile  charges  (electrons)  and  so  includes  the  flow  and  diffusion  velocities.  It  is 
assumed  that  the  magnetic  field  only  points  in  the  azimuthal  direction  (perpendicular 
to  both  current  and  flow)  so  that  Ampere's  law  takes  on  a  particularly  simple  form: 
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This  combination  of  Ohm's  law  and  Ampara's  law  must  than  solved  as  an  auxiliary 
equation  In  much  the  same  manner  as  Ohm's  law  was  solved  in  RadialArc.  However, 
in  the  MPD  context  the  diffusion  model  requires  knowledge  of  the  magnetic  field, 
just  as  the  magnetic  field  model  requires  knowledge  of  the  diffusion  velocities.  In 
order  to  produce  self-consistent  magnetic  field,  diffusion  velocities,  and  axial 
electric  fields  both  Ampere's  law  and  the  diffusion  model  must  be  solved  together. 
These  laws  have  been  combined  in  a  routine  called  "MPD_Dif fusion*  which  is  called 
before  each  flow  step.  This  procedure  ensures  that  as  long  as  electrons  are 
accelerated  by  the  magnetic  field,  the  net  energy  gain  of  the  electrons  due  to  their 
interaction  with  transverse  and  axial  fields  is  positive.  The  significance  of  this 
approach  becomes  great  in  cases  where  the  electric  drag  is.  very  close  to  the 
Lorentz  force.  Numerical  oscillations  can  result  with  a  less  careful  approach. 


The  rest  of  the  equations  remain  as  they  were  for  RadialArc  Thus,  the  primary 
difference  between  the  physical  description  of  MPD  and  that  of  RadialArc  is  that 
MPD  must  describe  a  transverse  magnetic  field,  and  is  not  concerned  with  an  axial 
electric  field  This  magnetic  field  then  becomes  an  important  part  of  the  momentum 
transport  picture. 


7.3  Boundary  Conditions 

The  boundary  conditions  for  MPD  are  very  different  than  for  RadialArc.  In  the 
case  of  RadialArc.  there  was  a  symmetry  point  at  one  end  where  fluxes  vanish,  and 
constant  conditions  at  the  opposite  end  Thus,  the  conditions  at  the  ‘guard  cells’  just 
off  the  computational  mesh  were  very  easy  to  establish  In  the  case  of  MPD.  a 
stagnation  point  with  constant  composition  and  temperature  is  assumed  to  exist  at 
some  upstream  point  before  the  computational  mesh  Boundary  conditions  for  the 
upstream  guard  cell  must  then  reflect  some  physically  reasonable  conditions  matching 
the  stagnation  point  to  the  thruster  inlet.  It  Is  important  that  these  conditions  remain 
physically  realizable.  For  example,  the  guard  cell  pressure,  temperatures,  and 
compositions  must  all  lie  between  those  of  the  stagnation  point  and  those  of  the 
first  grid  point  Furthermore,  the  flow  velocity  must  be  chosen  so  as  to  avoid 


representing  any  non-physical  condition  such  as  an  expansive  shock  or  discontinuity. 
Following  along  the  lines  of  techniques  reported  by  Boris.  Oran,  Fritts  and  Oswald61, 


the  following  method  has  been  devised  which  seems  to  work  well  under  most 


conditions. 


In  order  to  implement  these  inlet  conditions,  a  characteristic  length  is  needed.  This 
length  represents  something  about  the  physics  of  the  world  outside  the  thruster.  It 
is  an  indication  of  how  far  away  from  the  inlet  the  stagnation  conditions  exist  The 
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stagnation  conditions  are  given  by  a  constant  temperature.  composition,  and  zero 
momentum  At  the  Nat  guard  call.  than,  tamparaturas  are  assumed  to  be: 


-dx/tnFlowl_*f>glh 


7  ■  7  ♦  (7  -  7  U 

guard  stag  'Mat  stag' 


where  InFlowLength  is  the  characteristic  length  as  specified  by  the  “@tnFlowLEngth” 
command  described  in  the  next  section  and  "dx”  is  the  grid  spacing.  Composition  at 
the  guard  cell  must  be  chosen  to  prevent  any  discontinuities  in  the  pressure 
distribution.  To  accomplish  this,  each  species  partial  pressure  is  forced  to  be  kink- 
free.  Thus: 
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-dx/IrvFlowLangth 


y  guard 


(7.10) 


where  the  appropriate  kinetic  temperature  is  employed  if  species  y  happens  to 
correspond  to  the  electrons.  Finally,  momentum  at  the  guard  cell  is  related  to  the 
flow  rate:  of  the  inlet 


xguard 


FlowRate/Area(0) 


(7.11) 


Similarly,  the  downstream  situation  requires  soma  kind  of  outflow  boundary 
condition  The  basic  problem  in  modelling  outflow  conditions  is  that  calculations  can 
not  extend  spatially  to  infinity  where  conditions  are  known  In  the  case  of  MPD, 
pressure  and  energy  densities  are  alt  zero  at  infinite  distance.  Since  the  flow  is 
supersonic  at  the  exit,  the  conditions  chosen  must  not  affect  the  flow  field  A 
good  scheme  will  be  one  for  which  varying  some  parameter  over  a  significant  range 
does  not  significantly  affect  the  results  of  the  rest  of  the  modelled  region 

The  outflow  approximation  used  by  MPD  is  very  simple.  All  that  is  needed  is  an 

approximation  for  conditions  at  one  point  off  the  computational  grid  In  order  to 

encourage  FCT  to  flow  material  into  the  infinite  vacuum,  energy  density,  momentum 
density,  and  species  concentrations  are  taken  to  be  zero  at  the  guard  cell  during  the 
flow  process.  Furthermore,  the  last  computational  cell  is  treated  in  a  backward 

difference  scheme  and  so  does  not  directly  involve  the  guard  cell  In  addition,  for 

the  parts  of  the  simulation  outside  of  the  flow  problem  (generation  of  heat  fluxes, 
diffusion  velocities,  etc.)  the  following  approximations  are  used 
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where  W  is  the  index  of  the  last  computational 

taken  to  be  zero  at  the  nozzle  exit 

grid  point 

The 

magnetic  field  is 

s 

B(W)  «  0 

(7.15) 

7.4  The  User  Interface 

•/ 

As  in  the  case  of  RadialArc.  Several  commands 

have  been 

added 

to  the  basic  list 

of  possible  control  file  entries.  Furthermore,  some  new  keywords  have  been  added 
to  the  ©BoundaryConditions  command.  Briefly,  the  new  commands  are: 

©Length  to  indicate  the  length  of  the  thruster 

©FlowRate  to  indicate  a  mass  flow  rate  at  the  inlet 

©InFtowLength  to  indicate  a  characteristic  length  for 
inflow  processes 


©Width  to  indicate  a  profile  of  the  channel  width 

©Area  to  indicate  a  profile  of  channel  area 

©Voltage  to  indicate  the  voltage  (possibly  a  function  of  time) 

©Transient  to  control  the  time  flow  (as  in  RadialArc) 
and  are  used  in  addition  to  the  basic  THOR  commands  of  ©Reactions,  ©Species, 
©InitialConditions,  and  ©BoundaryConditions. 

As  would  be  expected,  the  ©Length  command  is  used  to  indicate  the  length  of  the 
thruster.  A  simple  numeric  argument  is  used,  and  will  be  interpreted  as  the  length  in 
M.  For  example: 

9 Length (.05) 

indicates  a  5  cm  channel  length 


©FlowRate  is  used  to  indicate  a  inlet  mass  flow  rate  (kg/s).  If  not  specified,  a  flow 
rate  of  .006  kg/s  is  assumed.  Thus: 

gFlowRate(.Ol) 

indicates  a  10  g/s  flow  rate. 

Similarly,  ©InFlowLEngth  is  used  to  indicate  a  characteristic  length  for  the  inlet 
conditions.  Thus: 

9 I nFl owLeng t h ( . 1 ) 

indicates  a  10cm  characteristic  inflow  length. 

©Width  allows  the  specification  of  a  channel  width  as  a  function  of  the  x 
coordinate.  Thus,  arbitrary  profiles  can  be  taken  for  simulation.  All  linear  dimension 
units  should  be  M.  For  example: 

0Width[.OO5«(l.O*x»«2)] 

indicates  a  channel  width  beginning  at  5mm,  and  increasing  quadratically.  ©Width  is  a 
required  entry.  MPD  will  not  run  without  It 

©Area  is  similar  to  ©Width,  and  is  used  to  indicate  the  cross-sectional  area  of  the 

2 

thruster  channel  Units  are  in  M  .  For  example: 

9Area[25e-6* (l+x««2) ••2] 

would  indicate  an  area  corresponding  to  a  square  cross  section  of  the  width 
indicated  above.  ©Area  is  a  required  entry. 

©Voltage  is  analogous  to  the  ©Current  command  of  RadialArc.  Again,  the  voltage 
may  be  a  function  of  time.  For  example. 

0Voltage[5OO* (l-100*tine) ] 

Indicates  a  decreasing  voltage  ramp.  ©Voltage  is  a  required  entry. 
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©Transient  is  identical  to  the  ©Transient  defined  for  RadialArc.  Again,  keywords 
OutTime.  TimeToStop,  and  Verbose  may  be  used 

Finally,  the  ©BoundaryConditions  command  has  slightly  different  keywords  in  MPD 
than  it  has  for  RadialArc.  These  are  ’StagTemp*  and  “StagDensity*  and  are  roughly 
equivalent  to  the  "WallTemp*  and  "WallDensfty*  defined  for  RadialArc.  In  the  case  of 
MPD,  however,  a  fictitious  point  upstream  from  the  computational  grid  is  taken  to 
be  a  stagnation  point  with  constant  temperatures  and  densities  as  indicated  by  these 
keywords. 

7.5  An  Example  in  Argon 

These  equation  modifications  and  boundary  equations  were  employed  in  a  simulation 
of  an  MPD  thruster  in  argon.  The  input  control  file  appeared  as  follows: 


@Make (MPD) 

@Species (Ar, ArPlus,ELEC) 

^Reactions (lAe , lAphoto, 1AA) 

GAxialPoints (80) 

@Voltag*(30) 

0 Length (.2) 

@Transient (TimeToStop*10e-6,0utTine*le-6) 
@InltialConditions[vi«h0Op.out] 

@BoundaryConditions(StagTemp-1000.0, StagDensity  Ar*1.0e23, 
StagDensity  ELEC-5. 0el9, StagDensity  ArPLUS-5.0el9) 

@Area[. 0070238] 

0Uldth[ .0413] 

0FlovRate[ .006] 

01nFlowLength[ .04] 

0End() 


This  indicates  a  simulation  for  a  thruster  20cm  in  length,  with  4.13cm  between 
electrodes,  and  with  a  cross  sectional  area  of  .0078238M2.  These  conditions  were 
chosen  to  roughly  correspond  to  a  device  investigated  by  King.  Clark,  and  Jahn  . 
Stagnation  conditions  are  taken  to  be  10  torr  at  1000K.  and  the  applied  electric 
field  is  30  volts.  Beginning  with  arbitrary  initial  conditions,  a  steady  state  is  reached 
after  several  hundred  microseconds  of  simulatioa  Fig.  7.2  shows  the  final 
temperature  profiles.  This  plot  indicates  the  heating  of  the  heavy  gas  by  the 
electrons  as  the  plasma  flows  down  the  channel.  Fig.  7.3  shows  the  plasma  flow 
velocity  at  various  points  in  the  channel.  Sonic  speed  at  the  exit  is  roughly  1900 
M/s  and  so  die  flow  has  reached  supersonic  speeds.  The  current  density  profile  is 
shown  in  Fig.  7.4  and  indicates  the  typical  droop  in  the  middle  where  back  EMF  is 
significant  At  the  inlet,  back  EMF  is  small  because  the  flow  velocity  is  small  At  the 
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Axial  Temperature  Profile,  20cm  device 


Fig.  7.2:  Heavy  Particle  and  Electron  Temperatures  in  20cm  MPD 

Thruster 

exit  the  magnetic  field  is  low  end  back  EMF  is  reduced.  In  the  center.  v(x)  and  B 
are  both  large  enough  to  make  a  significant  back  EMF.  As  is  shown  by  Fig.  7.6, 
species  diffusion  velocities  are  only  significant  in  comparison  with  the  flow  velocity 
near  the  inlet  Finally,  Fig.  7.7  shows  that  the  ionization  fraction  gradually  increases 
as  the  gas  heats  on  its  way  downstream. 

7.6  Summary 

The  general  computational  techniques  developed  for  RadialArc  have  been  shown  to 
be  applicable  to  an  MPD  problem  Some  difficulties  were  encountered  concerning 
numerical  stability  and  the  magnetic-diffusion  description  Also,  difficulties  in  the 
energy  conservation  model  at  supersonic  speeds  were  removed  by  re-casting  the 
energy  conservation  equations  to  not  include  kinetic  energy  directly.  The  most 
significant  remaining  problem  involves  the  inlet  conditions.  The  chosen  model  is  not 
entirely  satisfactory  In  representing  the  mechanisms  by  which  the  cold  Inflowing  gas 
is  heated  and  Ionized  by  the  channel  plasma.  The  bulk  flow  Is  directed  away  form 
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Fig.  7.3:  Flow  velocity  in  20cm  MPD  thruster 
this  inlet  indicating  that  some  recirculation  zones,  such  as  in  a  flame  holder,  are 
necessary.  THis  aspect  has  not  been  addressed,  but  a  model  for  these  effects  could 
be  easily  added  to  MPD. 

The  results  of  this  SimulationType  are  expected  to  be  useful  as  a  bulk  flow  model 
for  future  analysis  of  electrode  erosion  in  MPD  thrusters.  More  work  remains  to  be 
done  on  the  model  itself,  but  the  current  results  are  typical  of  other  investigations, 
both  theoretical  and  experimental,  and  have  the  added  advantage  of  including  the 
non-equilibrium  description. 
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Ig.  7.4:  Current  Density  in  20cm  MPD  Thruster  (voltage  *  30v. 
total  current  *  26000  amps} 
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Figure  3:  Exit  flow  speed  versus  S* 

The  exit  flow  speed,  nondimensionslized  by  the  sound  speed  at  the 
choking  point,  is  plotted  against  the  magnetic  force  number,  5*.  The  upper 
branch  represents  supersonic  flow  and  the  lower  represents  subsonic  flow. 
The  supersonic  branch  is  shown  dashed  for  5*>B.52  since  this  range  violates 
the  onset  condition  discussed  in  Sec.  2.5.  5*  is  defined  by  (2.4.7)  or  (2.4.12). 

This  plot  was  calculated  using  the  frozen-flow  model  of  Sec.  2.4. 
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Figure  4:  Flow  speed  versus  Magnetic  field 
The  flow  speed  u  is  plotted  sgsinst  the  magnetic  field  B  for  three  velues 
of  the  magnetic  force  number,  5*.  u  end  B  have  been  nondimensionalized, 
respectively,  by  the  speed  of  sound  st  the  choking  point  »\  and  the  magnetic 
field  at  the  choking  point  BT.  Near  the  inlet,  the  speed  is  very  low.  Going 
downstream,  the  magnetic  field  declines.  At  /?/£*■  1,  the  flow  has  accelerated 
to  u/a*»  1  for  all  S'.  The  speed  continues  to  increase  until  very  near  the  exit. 
The  decline  In  speed  near  the  exit  is  because  ohmic  heating,  which  decelerates 
the  flow,  becomes  more  Important  than  the  Lorentz  force,  which  tends  to 
accelerate  the  flow,  because  B  is  small.  See  (2.3.1).  These  curves  were 
calculated  using  the  analytical  solution,  (2.4.8)  of  Sec.  2.4. 
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Figure  6:  Back-EMF  versus  Magnetic  field 
The  back-EMF,  uB.  is  plotted  against  the  magnetic  field.  B.  for  three 
values  of  the  magnetic  force  number.  S\  for  supersonic  flow.  Both  the  back- 
EMF  and  the  magnetic  field  are  nondimensionatized  by  their  values  at  the 
choking  point.  These  curves  were  calculated  using  the  frozen-flow  solution  of 
(2.4.B).  The  backHEMF  is  small  near  the  inlet  because  u  is  small.  See  4.  The 
back-EMF  la  small  near  the  exit  because  B  is  small.  See  the  discussion  of 
boundary  conditions  in  Sec.  2.2.  The  back-EMF  peaks  In  the  middle  of  the 
thruster.  Also,  the  electric  field  determined  by  the  choking  condition.  (2.4.2), 
is  shown  as  a  dashed  line.  For  the  largest  S*  shown,  the  back-EMF  Is  larger 
than  the  electric  field  during  part  of  the  flow.  The  implications  of  this  are 
discussed  in  Sec.  2.S. 
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Figure  7:  Comparison  with  experiments  of  Malliaris  et  »/. 

The  experimental  data  of  Malliaris  ef  •/.*  for  onset  conditions  correlate 
es  predicted  by  back-EMF  onset  theory.  The  ordinate  is  the  value  of  at 

which  onset  was  observed  to  occur.  The  abscissa  is  /*t(40  am u//nA)v*  where 
4\  is  the  thruster  aspect  ratio  and  mA  is  the  propellant's  atomic  mass.  40 
amu  is  the  atomic  mass  of  argon.  The  data  shown  cover  the  range  of  4R»4.0 
to  13.6  and  the  propellants  used  were  helium,  neon,  argon,  krypton,  and  xenon. 
The  solid  line  is  a  best  fit  to  the  experimental  data.  The  back-EMF  theory  of 
onset  is  discussed  in  Sec.  2.5. 
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Figure  9;  Argon  enthalpy  at  equilibrium  versus  Temperature 
The  variation  of  specific  enthalpy  versus  tempera  ure  for  Argon  is  shown 
at  various  number  densities.  These  results  were  obtained  by  using  a  detailed 
statistical  thermodynamics.  Upto  six  excited  states  have  been  accounted  for 
each  of  the  species  A.  A*.  A and  A ♦♦♦.  The  details  of  the  calculation  are 
given  in  Sec.  3.4. 
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Figure  10:  Idealized  argon  enthalpy  veraua  Temperature 
The  variation  of  epecific  enthalpy  veraua  temperature  for  argon  In 
hermodynamic  equilibrium  la  approximately  modeled  ualng  the  above 
>iecewiae  linear  form.  Thia  graph  repreaenta  Flg.9  approximately.  In  this 
>iecewiae  linear  model,  the  enthalpy  varlea  linearly  until  a  cutoff  temperature 
r .  t  la  reached.  In  thia  linear  region,  any  energy  that  la  added  goes  Into  the 

C 

translational  mode.  After  thia  cutoff  temperature  ia  reached,  the  temperature 
remains  at  T~Tt  and  the  enthalpy  continues  to  Increase.  Thia  piecewise  linear 
variation  qualitatively  simulates  the  equilibrium  behaviour  of  the  enthalpy.  See 


Sec.3.4  for  a  full  discussion. 
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Figure  11:  Electric  field  versus  Total  current  for  3g/sec 
The  variation  of  the  electric  field  is  shown  versus  the  total  current.  The 
experimental  data  of  King”  for  a  20  cm.  long  straight  coaxial  thruster  are 
plotted  as  discrete  points,  for  a  total  mass  flow  of  3  g/sec.  The  verticil  hers 
do  not  denote  experiment el  error  turs.  These  bars  have  been  used  to  denote 
the  variation  of  the  experiment  from  quasi*one  dimensionality*0.  The  solid 
curve  represents  the  prediction  of  the  non-equilibrium  theory  of  Sec.3.5 
corresponding  to  a  uniform  mass  flow  of  3  g/sec.  The  upper  portion  of  the 
solid  curve  ends  where  no  steady  solution  to  the  equations  of  Sec.3.5  was 
found.  This  is  Interpreted  as  the  theoretical  onset  point.  As  can  be  seen, 
this  agrees  well  with  the  onset  limit  observed  in  the  experiment,  where  the 
data  is  seen  to  be  scattered.  See  Sec.3.5  and  Sec.3.6  for  a  detailed 
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Figure  12:  Electric  field  versus  Total  current  for  6g/sec 


The  experimental  data  of  King13  for  a  20  cm.  long  straight  coaxial 
thruster  are  plotted  as  discrete  points,  for  a  total  mass  flow  of  6  g/sec.  The 
verticel  bars  do  not  denote  experimental  error  bars.  These  bars  serve  to  denote 
the  variation  of  the  experiment  from  quasi-one  dimensionality.  The  solid 
curve  represents  the  theoretical  predictions  of  the  non-equilibrium  theory  of 
Sec.3.5  for  a  uniform  mass  flow  of  6  g/sec.  The  curve  ends  at  the  upper 
point  where  no  steady  solution  could  be  found.  This  is  the  theoretical  onset 
limit,  which  agrees  well  with  the  experimental  onset  limit  of  w  26  kA. 
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Figure  13:  Velocity  versus  Distence  for  3g/sec 
The  plasma  flow  speed  is  shown  here  as  a  function  of  distance  along 
the  thruster,  for  a  uniform  mass  flow  of  3  g/sec.  This  profile  was  obtained 
from  the  solutions  to  the  quasi-ID  non-equilibrium  equations  given  In  Sec.3.5 
and  Sec.3.6.  It  can  be  seen  that  the  speed  Increases  monotonically  until  near 
the  exit,  where  it  decreases.  This  is  due  to  the  dominance  of  ohmic  heating 
near  the  exit  which  causes  a  supersonic  flow  to  decelerate. 
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Figure  14:  Temperature  versus  Distance  for  3g/sec 
The  plasma  temperature  is  shown  in  this  figure  versus  distance  along  the 
length  of  the  thruster,  for  a  uniform  mass  flow  of  3  g/sec.  See  Sec.3.5  and 
Sec.3.6  for  the  solutions  of  the  quasi-ID  non-equilibrium  theory,  which  were 
used  to  obtain  the  above  profile.  The  temperature  increases  sharply  from  the 
Inlet  to  the  sonic  point  primarily  due  to  ohmic  heating.  Beyond  the  sonic 
point,  there  is  a  slight  decrease  because  of  the  acceleration  of  the  supersonic 
flow.  Near  the  exit,  the  temperature  rises  again  because  of  ohmic  heating. 
This  temperature  rise  near  the  exit  is  accompanied  by  the  decreasing  velocity 
shown  earlier  in  Fig.13.  The  unrealistically  high  exit  temperatures  are  due  to 
the  fact  that  the  presence  of  second  ions  were  not  considered  In  the  non¬ 
equilibrium  theory.  See  Sec.3.6  for  details. 
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Figure  15:  Ionization  fraction  versus  Distance  for  3g/sec 
The  ionization  fraction  has  been  plotted  here  as  function  of  the  distance 
along  the  thruster.  The  ionization  fraction  shows  marked  increases  near  the 
entrance  and  near  the  exit,  where  the  most  drastic  variations  in  temperature 
take  place.  This  again.  Is  from  the  solution  of  the  non-equilibrium  equations 
found  in  Sec.3.5  and  Sec.3.6,  for  a  uniform  mass  flow  of  3  g/sec. 
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Figure  16:  Current  density  versus  Distance  for  3g/sec 
The  current  density  is  shown  here  versus  distance  for  a  uniform  mass 
flow  of  3  g/sec.  This  is  from  the  solutions  of  the  governing  equations  given 
in  Sec.3.5  and  Sec.3.6.  The  current  density  is  small  near  the  entrance  because 
the  temperature  is  smell  which  makes  the  conductivity  small.  Then,  it 
increases  as  the  temperature  increases.  Next,  as  the  flow  speed  increases  and 
the  magnetic  field  decreases,  the  current  density  drops  until  a  minimum  is 
reached.  This  minimum  current  density  corresponds  to  p  maximum  beck-EMF. 
The  current  density  then  rises  rapidly  toward  the  exit  because  the  rising 
temperature  causes  the  conductivity  to  increase. 
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Figure  17:  Non-equilibrium  boundary  layer  growth 
The  growth  of  the  electrode  boundary  layers  is  plotted  as  a  function  of 
the  distance  along  the  electrode.  The  non-equilibrium  boundary  layer 
calculations  of  Sec.4.3  and  Sec.4.4  have  been  performed  for  the  cathode,  for  a 
total  mass  flow  of  3g/sec  to  the  MPD  thruster.  The  anode  boundary  layer  has 
been  plotted  assuming  symmetry.  'This  is  done  to  show  the  approximate 
location  where  the  boundary  layers  marge,  and  the  flow  in  the  thruster 
becomes  fully  developed.  See  the  discussion  of  Sec.4.4. 
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Figure  18:  Ionization  fraction  at  the  wall  versus  Distance 
The  slip  ionization  fraction  at  the  wall  Is  plotted  here  as  a  function  of 
the  distance  along  the  electrode.  The  non-equilibrium  boundary  layer  theory  of 
Sec.4.3  and  Sec.4.4  has  been  used  to  compute  this  profile  for  a  total  mass 
flow  of  3  g/sec  to  the  thruster.  As  expected,  the  slip  ionization  fraction 
decreases  continuously  with  increasing  distance  near  the  leading  edge  of  the 
boundary  layer. 
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Figure  19:  Ionization  fraction  versus  Transverse  distance 
The  ionization  fraction  non-dimensionalized  by  the  free  stream  ionization 
fraction,  is  plotted  here  versus  the  Howarth-Oorodnitsyn  transverse  coordinate 
defined  in  Sec.4.3,  at  1  cm.  from  the  leading  edge.  This  calculation  has  been 
performed  for  a  total  mass  flow  of  3  g/sac  to  the  thruster.  The  bulge  in  the 
profile  Is  caused  by  the  opposing  effects  of  ionization  due  to  the  high 
electron  temperature,  and  recombination  due  to  the  presence  of  the  cold  wall. 
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Figure  20:  Heavy  particle  temperature  veraus  Transverse  distance 
The  variation  of  the  heavy  particle  temperature  non-dimensionalized  by 
the  free  stream  temperature,  is  shown  here  versus  the  Howarth-Dorodnitsyn 
transverse  coordinate  (.  (  has  been  defined  in  Sec.4.3.  This  calculation  has 

been  performed  for  a  total  mass  flow  of  3  g /sec,  snd  is  shown  st  a  location 
of  1  cm.  from  the  leading  edge  of  the  boundary  layer.  See  Sec.4.4  for  further 
discussion. 
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Figure  22:  Well  sheer  versus  Distsnce 
The  well  sheer  stress  is  plotted  here  ss  s  function  of  distsnce  slong  the 


electrode.  Note  the  decressing  sheer,  os  the  boundery  Isyer  thickness 
incresses  slong  the  length  of  the  electrode.  This  profile  hss  been  celculeted 
neer  onset  for  e  totel  mess  flow  of  3g/sec.  See  Sec.4.4  for  further  detsils. 
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Figure  23:  Frozen  boundary  layer  growth 
The  growth  of  the  cathode  and  anode  boundary  layers  is  shown  here 
versus  distance  along  the  electrode.  The  anode  boundary  layer  has  been 
plotted  assuming  symmetry,  though  the  frozen  boundary  layer  calculations 
were  performed  for  the  cathode.  A  total  mass  flow  of  3  g/sec  Is  assumed 
input  to  the  thruster,  the  free  stream  is  assumed  to  follow  the  non-equilibrium 
quasi-ID  description  of  Sec.3.5  and  Sec.3.6,  and  the  boundary  layer  is  assumed 
to  be  chemically  frozen.  See  See.4.4  for  further  discussion. 
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Figure  24:  Heavy  particle  temperature  profiles 
The  heavy  particle  temperature  non-dimensionalized  by  the  free  stream 
temperature,  has  been  plotted  versus  {,  the  Howarth-Oorodnitsyn  transverse 
coordinate  at  locations  of  1  cm.,  5  cm.,  10  cm.,  and  15  cm.  from  the  leading 
edge.  A  mass  flow  of  3  g /sec  is  assumed,  tha  free  stream  is  Ionizing,  and 
the  boundary  layer  is  chemically  frozen.  Notice  the  bulge  in  the  profiles 
apparent  far  downstream  of  the  leading  edge,  caused  by  the  conflict  between 
viscous  dissipation  in  the  boundary  layer,  and  heat  transfer  to  the  cold  wall. 
See  Sec.4.4  for  discussioa 
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Figure  27:  Fully  ionized  boundary  leyer  growth 
The  cethode  end  enode  boundery  leyert  are  shown  for  e  fully  ionized, 
frozen  flow.  The  calculation  has  been  performed  for  a  mass  flow  of  3  g/sec. 
and  both  the  free  stream  and  the  boundary  layer  are  assumed  to  be  fully 
ionized  and  compositionally  frozen.  The  calculation  has  been  performed  for 
the  cathode  boundary  ieyer,  end  the  anode  boundary  layer  is  plotted  assuming 


symmetry. 
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Figure  28:  Heavy  particle  temperature  versus  Transverse  distance 
The  heavy  particle  temperature  non-dimensionalized  by  the  free  stream 
temperature,  is  plotted  here  versus  the  Howarth-Dorodnitsyn  transverse 
coordinate.  This  calculation  has  been  performed  for  a  total  mass  flow  of  3 
g/sec,  and  assuming  a  fully  ionized,  frozen  free  stream  and  boundary  layer. 
Note  the  aignificent  bulge  in  the  profiles,  due  to  the  conflict  between  viscous 
dissipation  In  the  relatively  thin  boundary  layer,  and  the  heat  transfer  to  the 


Figure  29:  Heavy  particle  wall  heat  flux  versus  Distance 
The  heavy  particle  heat  flux  profile  is  shown  here  for  the  fully  ionized, 
frozen  boundary  layer  and  free  stream  case.  The  calculation  has  been 

performed  for  a  total  mass  flow  of  3  g/sec.  See  Sec.4.4  for  discussion. 
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Figure  31:  Heat  defect  versus  surfece  tempereture 
The  net  heet  Into  the  csthode,  i.e.  the  hest  defect  Is  shown  here  es  e 
function  of  csthode  surfece  tempereture.  Intersections  with  the  horizontal  axis 
denote  steady  state  solutions  to  equation  (4.5.1).  Note  the  existence  of  a 
stable  root  end  en  unstable  root.  The  stable  root  is  the  point  at  which  the 
slope  of  the  curve  is  negative.  See  Sec.4.5  for  details. 
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Effective  Cathode  Temperature  vs  Length 
Heff  =  500  Watts/m/rr\/K 
TUNGSTEN  CATHODE 
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Figure  32:  Cathode  surface  temperature  profile 
The  cathode  surface  temperature  determined  by  equation  (4.5.1)  la  shown 
h*.re  versus  distance  along  the  electrode,  for  a  heat  transfer  coefficient  of 
500  Wmts/m*/K.  This  is  for  the  case  of  a  frozen  boundary  layer  with  a  non¬ 
equilibrium  free  stream,  for  a  mass  flow  of  3  g/sec.  See  Sec.4.5  for  the 
discussion. 
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Effective  Cathode  Temperature  vs  Length 
Heff  =  250  Watts/m/rr/K 
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Figure  33:  Cathode  surface  temperature  profile 
The  cathode  surface  temperature  determined  by  equetion  (4.5.1)  Is  shown 
here  versus  distance  along  the  electrode,  for  a  heat  transfer  coefficient  of 
250  Wstts/m7/Ks  This  is  for  the  case  of  a  frozen  boundary  layer  with  a  non- 
equilibrium  free  stream,  for  a  mass  flow  of  3  g/sec.  See  Sec.4.5  for  the 
discussion. 


Heat  Fluxes  vs  Length 
Frozen  Boundary  Layer,  3g/s  at  Onset 
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Figure  36:  Hast  fluxes  versus  distance 
The  various  heat  fiuxes  that  contribute  to  the  cathode  energy  balance 
given  by  (4.5.1)  ere  plotted  here  versus  distance.  The  case  shown  here  is  that 
of  a  frozen  boundary  layer  with  a  non-equilibrium  free  stream  for  a  mass 
flow  of  3  g/sec  at  onset.  This  case  considers  heat  transfer  to  an  externally 
supplied  coolant  with  an  effective  heat  transfer  coefficient  of  500  Wttts/rrf/K* 
See  Sec.4.5  for  details  of  the  erosion  calculation. 
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Figure  36:  Heat  fluxes  versus  distence 
The  various  heat  fluxes  thst  contribute  to  the  cathode  energy  balance 
given  by  (4.5.1)  are  plotted  here  versus  dlstsnce.  The  case  shown  here  Is  that 
of  a  frozen  boundary  layer  with  a  non-equilibrium  free  stream  for  a  mass 
flow  of  3  g/sec  at  onset.  This  case  considers  heat  transfer  to  an  externally 
supplied  coolant  with  an  effective  heat  transfer  coefficient  of  250  Watts/ nf  /K. 
See  Sec.4.5  for  details  of  the  erosion  calculation. 


Heat  Fluxes  vs  Length 
Frozen,  Fully  Ionized  Boundary  Layer 
3g/s  at  Onset,  Heff  =  3000  Watts/nryfrys 
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Figure  37:  Heat  fluxes  versus  distance 
The  various  hast  fluxes  that  contribute  to  the  cathode  energy  balance 
given  by  (4.5.1)  era  plotted  here  versus  distance.  The  case  shown  here  is  that 
of  a  fully  Ionized,  frozen  boundary  layer  with  a  fully  ionized,  frozen  free 
etream  for  a  mass  flow  of  3  g/sec  at  onset.  This  case  considers  heat 

transfer  to  an  externally  supplied  coolant  with  an  effectiva  heat  transfer 
coefficient  of  3000  Wttts/rrP/K. 
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Evaporative  Erosion  vs  Length 
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Fl^jra  38:  Evaporative  Erosion  versus  distance 
The  erosion  rate  expressed  in  units  of  micrograms  per  coulomb  is  shown 
here  as  a  function  of  distance.  This  erosion  rate  is  the  evaporation  mass  flux 
divided  by  the  current  density.  This  figure  when  viewed  in  conjunction  with 
Fig.  16  shows  the  higher  evaporation  rates  near  the  entrance  and  exit  regions, 
as  opposed  to  the  middle  region  of  the  thruster.  See  Sec.4.5  for  the 


discussion. 
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